Śâăâìï őŕãąńĺłőćăŋă ć ęãàŋăńě: Ĺğćěáâĺï ŘĂŊ. Śěàĺï ňăâěňăâĺçěáłăï. 1998. Š. 68, N 6. Ś. 27–52;

English translation: Russian Acad. Sci. Math. Izv., 68 (1998), no. 6.

ŞĎŁ 517.518.837

ŠŐŮŊŐĚ ŊĚŘĂĆĚŊŚŠĆŐ ĎĘĚŁŚŐŊĂ–ŚŠĚŮŁĹŊĂ ĎŃ§ L^2 – ŔŘĹĄŃĹĘĚŊĹĽ ŊĂ ŐŠŘĚĞŁĚ Ś ĆĚŚŐŇ §ŁŐĄĹ Ĺ ŔŘŐĚŁŠĹĆŊŻŢ ŔŘŐŚŠŘĂŊŚŠĆĂŢ^∗ Ă. Č. Ąăąěŋłő

Ććěďěŋĺě. Ć íâőľ àăąőâě ďőłăğăŋő âőçŋőě ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2 ŋă őâàěğłě á ćěáőň §łőąĺ, ĺ, łăł áńěďáâćĺě, ŕőńãçěŋë àőďáâćěŋŋëě ŋěàăćěŋáâćă ďńï äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå, ğăďăŋŋëå ŋă ŕàőěłâĺćŋëå ŕàőáâàăŋáâćăå. Şłăğăŋŋëľ àěğãńìâăâ ďńï ŕàĺąńĺęěŋĺľ ŋă őâàěğłě, ć őáŋőćŋőň, ąëń ăŋőŋáĺàőćăŋ àăŋěě ăćâőàőň ć [2].

Ŕãáâì α > −1, β > −1 ĺ Rk = R^{α,β}_k – ăńčěąàăĺçěáłĺě ňŋőčőçńěŋë §łőąĺ ŕőàïďłă

k = 0, 1, 2, . . ., őàâőčőŋăńìŋëě ŋă őâàěğłě [−1, 1] c ćěáőň (1 − z)^α(1 + z)^β (áň. [3, čń.IV]) ∫_1 −1 R_k(z)R_l(z)(1 − z)^α(1 + z)^βdz = 0, k ≠ l, k, l ∈ Z^+,

ĺ ŋőàňĺàőćăŋŋëě ãáńőćĺěň Rk(1) = 1, k ∈ Z^+. Łăł ĺğćěáâŋő (áň. [4, á.75]), őŋĺ ãďőćńěâćőàïîâ àěłãààěŋâŋőňã áőőâŋőèěŋĺî ŕàĺ k=1,2,. . .

2(k + α + 1)(k + α + β + 1) (2k + α + β + 1)(2k + α + β + 2)

R_{k+1}(z) = = ( z + α^2 − β^2 (2k + α + β)(2k + α + β + 2) ) R_k(z) − 2k(k + β) (2k + α + β)(2k + α + β + 1) R_{k−1}(z),

R_0(z) = 1, R_1(z) = α − β + (α + β + 2)z 2(α + 1) . §áŋő, çâő áĺáâěňă łőáĺŋãá-ŕőńĺŋőňőć §łőąĺ

ϕ_k(x) = ϕ^{α,β}_k (x) = R^{α,β}_k (cos x), ϕ_k(0) = 1, k ∈ Z^+, (0.1)

ïćńïěâáï őàâőčőŋăńìŋőľ ŋă őâàěğłě [0, π] c ćěáőň^(sin^x_2^{)2α+1 (}cos^x_2^{)2β+1} ∫_π 0 ϕ_k (x)ϕ_l(x) ( sin x 2 )_{2α+1} ( cos x 2 )_{2β+1} dx = 0, k ≠ l, k, l ∈ Z^+. Ŕàĺćěďěň ĺğćěáâŋëě ŕàĺňěàë âăłĺå ŕőńĺŋőňőć (áň. [3, á.72, (4.1.7), (4.1.8)]) ϕ^{−1/2,−1/2} k (x) = cos kx; ϕ^{1/2,1/2}_k (x) = sin(k + 1)x (k + 1) sin x ; �Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě äőŋďă_{INTAS { International Association for the Promotion}

of Cooperation with Scientists from the Independent States of the Former Soviet Union, čàăŋâ INTAS-94-4070.

ϕ^{1/2,−1/2} k (x) = sin^{2k+1}_2 x (2k + 1) sin^x_2 , ϕ^{−1/2,1/2} k (x) = cos^{2k+1}_2 x

cos^x_2 . Łőáĺŋãá-ŕőńĺŋőňë §łőąĺ őąńăďăîâ áńěďãîéĺňĺ ğăňěçăâěńìŋëňĺ áćőľáâćăňĺ (áň. [3, á.71, (4.1.5)]): ŕàĺ ńîąëå α > −1, k ∈ Z^+ áŕàăćěďńĺćë àăćěŋáâćă ϕ^{α,−1/2} k (x) = ϕ^{α,α}_{2k} ( x 2 ) , ϕ^{α,1/2}_k (x) = 1 cos^x_2 ϕ^{α,α}_{2k+1} ( x 2 ) . (0.2)

Őąőğŋăçĺň çěàěğ L^2 = L^2_{α,β} ŕàőáâàăŋáâćő ćěéěáâćěŋŋëå ĺğňěàĺňëå çěâŋëå 2πŕěàĺőďĺçěáłĺå äãŋłæĺľ ćĺďă F (x) = f(cos x), x ∈ R, áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň (F, G) = ∫_π 0 F (x)G(x) ( sin x 2 )_{2α+1} ( cos x 2 )_{2β+1} dx ĺ ŋőàňőľ ‖F ‖ = (F, F )^{1/2}. Ŋăĺńãçèĺň ŕàĺąńĺęěŋĺěň äãŋłæĺĺ F ∈ L^2 ŕàőáâàăŋáâćőň

C_{n−1} = { G : G(x) = n−1∑ k=0 a_k cos kx, a_k ∈ R }

łőáĺŋãá-ŕőńĺŋőňőć ŕőàïďłă n − 1 ŋăğëćăěâáï ćěńĺçĺŋă E_{n−1}(F ) = min{‖F − G‖ : G ∈ C_{n−1}}. (0.3) Ďńï őæěŋłĺ áćěàåã íâőľ ćěńĺçĺŋë ŋăň ŕőŋăďőąĺâáï ćăęŋőě őąőąéěŋĺě ŕőŋïâĺï áďćĺčă (áň. [5]) ŕàőĺğćőńìŋőľ äãŋłæĺĺ F ∈ L^2, őáŋőćăŋŋőě ŋă ěě àăğńőęěŋĺĺ ć àïď Ťãàìě ŕő łőáĺŋãá-ŕőńĺŋőňăň §łőąĺ

F (x) = ∞∑ ν=0 F_ν ϕ_ν (x), F_ν = (F, ϕ_ν ) (ϕ_ν , ϕ_ν )

. (0.4)

Ă ĺňěŋŋő, őŕěàăâőàőň (őąőąéěŋŋőčő) áďćĺčă á èăčőň t ∈ R ŋăğëćăěâáï ńĺŋěľŋëľ őŕěàăâőà

T_t, łőâőàëľ ďěľáâćãěâ ŋă äãŋłæĺĺ F ∈ L^2 ćĺďă (0.4) ŕő ğăłőŋã

T_tF (x) = ∞∑ ν=0 F_ν ϕ_ν (t)ϕ_ν (x). (0.5)

Ŕőáłőńìłã ϕ0(t) = 1, âő, łăł ŋěâàãďŋő ğăňěâĺâì, őŕěàăâőà áďćĺčă (á ńîąëň äĺłáĺàőćăŋŋëň èăčőň t ∈ R) ŕěàěćőďĺâ ŕőáâőïŋŋëě äãŋłæĺĺ ć áěąï, ŋăŕàĺňěà, Tt1 = 1. Łàőňě âőčő, ĺğćěáâŋő (áň. [3, á.175, (7.32.2)]), çâő ć áńãçăě α ≥ β > −1, α ≥ − 1 2 (0.6)

łőáĺŋãá-ŕőńĺŋőňë §łőąĺ ϕk = ϕ^{α,β}_k ãďőćńěâćőàïîâ áńěďãîéĺň áőőâŋőèěŋĺïň

max_{t∈} R |ϕ_k(t)| = ϕ_k(0) = 1, k ∈ Z^+. (0.7)

Śńěďőćăâěńìŋő, ć íâőň áńãçăě ŋőàňă őŕěàăâőàă Tt, łăł őŕěàăâőàă ĺğ L^2 ć L^2, àăćŋă ěďĺŋĺæě. Ŕőíâőňã ŕàĺňěŋĺňă áåěňă Čàîŋćăńìďă – Ńěâŋĺłőćă [6], [7] (áň. âăłęě [8, § 20], [9], [10]) ŕőáâàőěŋĺï áőőâćěâáâćãîéěčő àăğŋőáâŋőčő őŕěàăâőàă (ćěéěáâćěŋŋőčő) ŕőàïďłă r > 0 á èăčőň t ∈ R

Δ^r_t = (I − T_t)^{r/2} = ∞∑ k=0 (−1)^k ( r/2 k ) T^k_t , (0.8)

čďě I – âőęďěáâćěŋŋëľ őŕěàăâőà, ( a 0 ) = 1, ( a k ) = a(a − 1) . . .(a − k + 1) k! , k = 1, 2, . . ., – ąĺŋőňĺăńìŋëě łőíääĺæĺěŋâë. Ňőďãńěň ŋěŕàěàëćŋőáâĺ ŕőàïďłă r > 0 äãŋłæĺĺ F ∈ L^2 ŋăğëćăěâáï áńěďãîéăï äãŋłæĺï ŕěàěňěŋŋőčő τ > 0 ω_r(F, τ) = sup{‖Δ^r_t F ‖ : |t| ≤ τ}. Śńěďãîéăï ćğăĺňőáćïğì ňěęďã ňőďãńïňĺ ŋěŕàěàëćŋőáâĺ àăğńĺçŋëå ŕőàïďłőć ŕőńãçăěâáï ŕãâěň ŕőćâőàěŋĺï àăááãęďěŋĺľ, áőďěàęăéĺåáï ć àăąőâăå Ś.Ą.Śâěçłĺŋă [11, ńěňňă 2], Ţ.Ŕ.Řãáâăňőćă [9, á.130, ŋěàăćěŋáâćő (1.8) ĺ ěčő őąőáŋőćăŋĺě]. Ŕãáâì α ≥ β > −1, α ≥

−1/2, τ > 0. Šőčďă ďńï ńîąőľ äãŋłæĺĺ F ∈ L^2_{α,β} ćëŕőńŋïěâáï ŋěàăćěŋáâćő ω_q(F, τ) ≤ 2^{(q−r)/2}ω_r(F, τ), 0 < r < q. (0.9) Łàőňě âőčő, ĺğ őŕàěďěńěŋĺľ (0.8), (0.5) ĺ àăćěŋáâćă Ŕăàáěćăńï áńěďãěâ, çâő ďńï łăęďőľ äãŋłæĺĺ F ∈ L^2_{α,β} ćĺďă (0.4) áŕàăćěďńĺćő áőőâŋőèěŋĺě

‖Δ^r_t F ‖^2 = ∞∑ k=1 F^2_k {1 − ϕ_k(t)}^r, t ∈ R, r > 0, (0.10)

ĺğ łőâőàőčő áńěďãěâ, çâő ŕàĺ r > 0 ω_r (F, τ) ≤ ω_r (F, π), 0 < τ ≤ π; ω_r(F, τ) = ω_r(F, π), τ ≥ π. (0.11) Ğăäĺłáĺàãěň çĺáńă α, β, ãďőćńěâćőàïîéĺě ãáńőćĺïň (0.6), ă âăłęě çĺáńă τ > 0,

r > 0, n ∈ N ĺ àăááňőâàĺň łńăááĺçěáłãî ğăďăçã ő âőçŋőľ łőŋáâăŋâě K = K^{α,β}_n (τ, r) ć

ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2 = L^2_{α,β} E_{n−1}(F ) ≤ Kω_r(F, τ), F ∈ L^2, (0.12) â.ě. ğăďăçã ő ćëçĺáńěŋĺĺ ćěńĺçĺŋë K^{α,β}_n (τ, r) = sup { E_{n−1}(F ) ω_r (F, τ) : F ∈ L^2, F ≢ const } . (0.13)

Ćěńĺçĺŋã (0.13) ňë ąãďěň ĺŋőčďă ŋăğëćăâì łőŋáâăŋâőľ Ďęěłáőŋă–Śâěçłĺŋă. İâă ğăďăçă ĺňěěâ ąőńìèãî ĺáâőàĺî, ĺŋäőàňăæĺï ő łăçěáâćěŋŋőľ łăàâĺŋě ć íâőľ őąńăáâĺ (ćőŕàőáë őčàăŋĺçěŋŋőáâĺ łőŋáâăŋâ) áőďěàęĺâáï ć àăąőâăå Ň.Ł.Ŕőâăŕőćă [12], Ţ.Ŕ.Řãáâăňőćă [10]. Ůâő łăáăěâáï âőçŋëå àěğãńìâăâőć ć íâőľ âěňăâĺłě, âő áőőâćěâáâćãîéĺě ĺáâőàĺçěáłĺě áćěďěŋĺï ňőęŋő ŋăľâĺ ć àăąőâě ăćâőàă [1]. Ŋĺęě ňë ŕěàěçĺáńĺň ńĺèì âě ĺğ ŋĺå, łőâőàëě ĺňěîâ ŋěŕőáàěďáâćěŋŋőě őâŋőèěŋĺě ł âěňě ĺááńěďőćăŋĺľ ďăŋŋőľ áâăâìĺ. Ţőâï ŋěłőâőàëě ăćâőàë ŕàĺćőďĺňëå ŋĺęě àěğãńìâăâőć ŕàĺňěŋïńĺ ĺŋëě ňőďãńĺ ŋěŕàěàëćŋőáâĺ, ŋő ŕàĺ ďőłăğăâěńìáâćě őŋĺ ŕěàěåőďĺńĺ ł ğăďăçăň, łőâőàëě ćőğŋĺłăîâ ĺ ć ďăŋŋőľ àăąőâě. Şçĺâëćăï íâő őąáâőïâěńìáâćő, ňë áäőàňãńĺàãěň ãłăğăŋŋëě àěğãńìâăâë ć őąőğŋăçěŋĺïå, ŕàĺŋïâëå ğďěáì.

Šőçŋãî łőŋáâăŋâã ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{−1/2,−1/2} ŋăèěń Ŋ.Ĺ.Ůěàŋëå ć 1967 čőďã [13] K^{−1/2,−1/2} n (τ, r) = √ 2^r (_{2r} r ) , τ ≥ 2π n , n > r, r = 2, 3, . . . . (0.14) Ďńï áńãçăï r = 1 őŋ ŕőńãçĺń [14], [15] ąőńěě âőŋłőě ãâćěàęďěŋĺě őâŋőáĺâěńìŋő ŕőćěďěŋĺï ćěńĺçĺŋë K^{−1/2,−1/2}

n (τ, 1) ŕő τ. Ŕőďàőąŋěě, Ŋ.Ĺ.Ůěàŋëå ŋăèěń âőçłã τ = τ^{−1/2,−1/2}n (1) =

= π/n, ŋăçĺŋăï á łőâőàőľ ãłăğăŋŋăï ćěńĺçĺŋă ćëåőďĺâ ŋă áćőľ čńőąăńìŋëľ ňĺŋĺňãň,

àăćŋëľ ěďĺŋĺæě K^{−1/2,−1/2} n (τ, 1) = 1, τ ≥ π n , n = 1, 2, 3, . . . ; (0.15) K^{−1/2,−1/2} n (τ, 1) > 1, 0 < τ < π n , n = 1, 2, 3, . . . . (0.16)

Ŕőńőęĺň_{Kα,β}

n (r) = min_{τ >0} K^{α,β}_n (τ, r). (0.17)

Ĺáŕőńìğãï őŕàěďěńěŋĺě (0.13) ĺ áćőľáâćő (0.11), ńěčłő ğăňěâĺâì, çâő K^{α,β}_n (r) = K^{α,β}_n (π, r) = K^{α,β}_n (τ, r), τ ≥ π. (0.18) Śěľçăá ěáâěáâćěŋŋő ććěáâĺ áńěďãîéěě

Őŕàěďěńěŋĺě 0.1. Šőçłőľ Ůěàŋëåă ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàő-

áâàăŋáâćě L^2_{α,β} ŋăğëćăěâáï âőçŋăï ŋĺęŋïï čàăŋì ŕőńőęĺâěńìŋëå ğŋăçěŋĺľ τ > 0, ďńï łőâőàëå ćěńĺçĺŋă K^{α,β}_n (τ, r) (łăł äãŋłæĺï ŕěàěňěŋŋőľ τ ) ŕàĺŋĺňăěâ áćőě ňĺŋĺňăńìŋőě ğŋăçěŋĺě K^{α,β}_n (r) τ^{α,β}_n (r) = inf{τ > 0 : K^{α,β}_n (τ, r) = K^{α,β}_n (r)}. (0.19)

Śńěďãîéĺľ áãéěáâćěŋŋëľ èăč ć íâőň ŋăŕàăćńěŋĺĺ ąëń áďěńăŋ Ć.Ă.đďĺŋëň [16], łőâőàëľ ŕőńãçĺń âőçŋőě ŋěàăćěŋáâćő Ďęěłáőŋă (á ŕěàćëň ňőďãńěň ŋěŕàěàëćŋőáâĺ) ć ŕàőáâàăŋáâćě L^2(T^m) äãŋłæĺľ ŋă ňŋőčőňěàŋőň âőàě T^m, m ≥ 2. Řïď âőçŋëå ŋěàăćěŋáâć Ďęěłáőŋă–Śâěçłĺŋă ňěęďã ŋăĺńãçèĺň áàěďŋěłćăďàăâĺçŋëň ŕàĺąńĺęěŋĺěň äãŋłæĺĺ (őďŋőľ ĺńĺ ŋěáłőńìłĺå ŕěàěňěŋŋëå) ĺ ğŋăçěŋĺěň ěě r-čő ňőďãńï ŋěŕàěàëćŋőáâĺ ć őďŋőľ âőçłě ąëń ŕőńãçěŋ ć àăąőâăå [17], [18], [19], [20], [21], [22], [23], [24], [1], [25], [26]Gorbachev),

[27]. Ć çăáâŋőáâĺ, ć àăąőâě ăćâőàă [1, âěőàěňë 2.1, 2.2, ğăňěçăŋĺï 2.1 – 2.5] áőďěàęĺâ-

áï àěğãńìâăâ (áň. âěőàěňã 0.1 ŋĺęě), őâŋőáïéĺľáï ł ãńìâàăáäěàĺçěáłőňã áńãçăî ğăďăçĺ (0.13) ő âőçŋőľ łőŋáâăŋâě ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě

L^2_{α,α}, α ≥ −1/2, łőâőàëľ âěáŋő áćïğăŋ á ăŋăńőčĺçŋőľ ğăďăçěľ ć ŕàőáâàăŋáâćě L^2(S^{m−1})

äãŋłæĺľ ŋă ěďĺŋĺçŋőľ áäěàě S^{m−1} ćěéěáâćěŋŋőčő ěćłńĺďőćă ŕàőáâàăŋáâćă R^m àăğňěàŋőáâĺ m ≥ 2.

Ŕàĺ α > −1, β > −1, n ∈ N őąőğŋăçĺň çěàěğ x^{α,β}_n ŕěàćëľ ŕőńőęĺâěńìŋëľ ŋãńì łőáĺŋãá-ŕőńĺŋőňă §łőąĺ ϕ^{α,β}_n (áň. (0.1))

x^{α,β}_n = min{x > 0 : ϕ^{α,β}_n (x) = 0}. (0.20)

Šěőàěňă 0.1. Ŕãáâì n = 1, 2, . . .. Šőčďă ćëŕőńŋïîâáï áńěďãîéĺě ãâćěàęďěŋĺï

(A) ŕàĺ α ≥ −1/2 ďńï łăęďőľ äãŋłæĺĺ F ∈ L^2_{α,α}, F ≢ const áŕàăćěďńĺćë ŋěàăćěŋáâćă E_{n−1}(F ) < ω_r(F, 2x^{α,α}_n ), r ≥ 1, (0.21) E_{n−1}(F ) < 2^{(1−r)/2}ω_r(F, 2x^{α,α}_n ), 0 < r < 1; (0.22)

(B) ŕàĺ α > −1/2 ďńï ńîąőčő τ ∈ (0, π) áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ G_k, k = 1, 2, . . ., ĺğ L^2_{α,α}, âăłăï, çâő lim_{k→∞} E_{n−1}(G_k) ω_r(G_k, τ) ≥ 1, r > 0.

(C) ŕàĺ α > −1/2 áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ G_k, k = 1, 2, . . ., ĺğ L^2_{α,α}, âăłăï, çâő lim_{k→∞} E_{n−1}(G_k) ω_r(G_k, π) ≥ 1, 0 < r ≤ 1. Ğăňěçăŋĺě 0.1.

1) Ŕãŋłâ (B) âěőàěňë 0.1 ŕàĺŋăďńěęĺâ Ć.Ć.Ăàěáâőćã, łőâőàëľ ŋă áăňőň ďěńě ãáâăŋőćĺń ąőńěě őąéěě ãâćěàęďěŋĺě [24, âěőàěňă 1], [1, ńěňňă 4.2].

2) Ďńï α = −1/2, r = 1 ãâćěàęďěŋĺï âěőàěňë 0.1 ŕőńãçěŋë Ŋ.Ĺ.Ůěàŋëå [14]. 3) Ŕàĺ α = −1/2, r > 1 ŋěàăćěŋáâćő (0.21) ďőłăğăŋő Ć.Ć.Ÿăńăěćëň [22]. 4) Ć áńãçăïå α = 0, 1/2, n ≥ 1, r ≥ 1 Ć.đ.Ŕőŕőć ŕőńãçĺń ŋěàăćěŋáâćő [24, (6.4), (6.6)] E_{n−1}(F ) < ω_r ( F, 2π n + 1 ) , F ∈ L^2, F ≢ const, łőâőàőě ŕàĺ α = 0, n = 1, r ≥ 1 ĺ α = 1/2, n ≥ 1, r ≥ 1 áőćŕăďăěâ á ŋěàăćěŋáâćőň (0.21), ă ŕàĺ α = 0, n ≥ 2, r ≥ 1 ŋěàăćěŋáâćő (0.21) ãâőçŋïěâ ãłăğăŋŋëľ àěğãńìâăâ Ć.đ.Ŕőŕőćă, â.ł. 2x^{0,0}_n < 2π/(n + 1) (áň. [3, á.147, (6.6.4)]).

5) Ć áĺńã ĺğćěáâŋőčő áćőľáâćă (0.9) ňőďãńï ŋěŕàěàëćŋőáâĺ ŕěàćőě ŋěàăćěŋáâćő ć ŕãŋłâě (A) ćńěçěâ ćâőàőě. Ć àăąőâě [1] áőďěàęĺâáï âăłęě ĺŋőě ďőłăğăâěńìáâćő ŋěàăćěŋáâćă (0.22).

Ğăňěçăŋĺě 0.2. Ŋĺęě (áň. ŕěàćőě ãâćěàęďěŋĺě áńěďáâćĺï 3.1) ąãďěâ ŕőłăğăŋő, çâő ãâćěàęďěŋĺě (B) âěőàěňë 0.1 ćëŕőńŋïěâáï ĺ ŕàĺ τ = π (ă ğŋăçĺâ, ĺ ŕàĺ ńîąőň τ > 0).

Ŕàěďńőęěŋĺě 0.1. Ěáńĺ α ≥ β > −1, α ≥ −1/2, r > 0, n ∈ N, âő á ŕőňőéìî äãŋłæĺĺ

ϕ^{α,β}_n (x) ńěčłő ŕőłăğăâì (áň. (0.10), (2.1)), çâő ŕàĺ 0 < τ < x^{α,β}_n âőçŋăï łőŋáâăŋâă K = K^{α,β}_n (τ, r) ć ŋěàăćěŋáâćě (0.12) ąãďěâ áâàőčő ąőńìèě ěďĺŋĺæë K^{α,β}_n (τ, r) > 1, 0 < τ < x^{α,β}_n . Šěőàěňă 0.1, ğăňěçăŋĺě 0.2 ĺ ŕàěďńőęěŋĺě 0.1 ŕőğćőńïîâ ńőłăńĺğőćăâì âőçłã Ůěàŋëåă

(0.19) ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{α,α}, ŕàĺ α > −1/2, r ≥ 1.

Śńěďáâćĺě 0.1. Ŕãáâì α > −1/2. Šőčďă âőçŋăï łőŋáâăŋâă ć ŋěàăćěŋáâćě Ďęěłáőŋă–

Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{α,α} ãďőćńěâćőàïěâ áőőâŋőèěŋĺïň K^{α,α}_n (τ, r) > 1, 0 < τ < x^{α,α}_n , r > 0, n ∈ N; K^{α,α}_n (τ, r) = 1, τ ≥ 2x^{α,α}_n , r ≥ 1, n ∈ N; ĺ ŕőâőňã ĺňěîâ ňěáâő őæěŋłĺ x^{α,α}_n ≤ τ^{α,α}_n (r) ≤ 2x^{α,α}_n , r ≥ 1, n ∈ N. 1. Ťőàňãńĺàőćłă őáŋőćŋőčő àěğãńìâăâă. Ć ďăŋŋőľ àăąőâě ŋăľďěŋă âőçŋăï łőŋáâăŋâă K = K^{α,β}_n (τ, r) ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{α,β} ŕàĺ α > β ≥ −1/2, r ≥ 1, τ ≥ 2x^{α,β}_n , n ≥ max { 2, 1 + α − β 2 } ŕàĺ β > −1/2, n ≥ 1 ŕàĺ

β = −1/2, ĺ ńőłăńĺğőćăŋă âőçłă Ůěàŋëåă (0.19) ć íâőň ŋěàăćěŋáâćě. Ŕàĺćěďěŋă ňŋőčőňěà-

ŋăï ĺŋâěàŕàěâăæĺï íâőčő àěğãńìâăâă ŋă ŕàĺňěàě L^2-ŕàĺąńĺęěŋĺľ äãŋłæĺľ, ğăďăŋŋëå ŋă ŕàőěłâĺćŋëå ŕàőáâàăŋáâćăå, ă âăłęě ďőŕőńŋěŋ àěğãńìâăâ Ć.Ć.Ăàěáâőćă őą őæěŋłě áŋĺğã ďńï łőŋáâăŋâë Ďęěłáőŋă – Śâěçłĺŋă ŋă ňŋőčőňěàŋőľ áäěàě.

Šěőàěňă 1.1. Ŕãáâì α > β ≥ −1/2. Šőčďă ćëŕőńŋïîâáï áńěďãîéĺě ãâćěàęďěŋĺï

(A) ďńï łăęďőčő ŋăâãàăńìŋőčő n ≥ max { 2, 1 + α − β 2 } ĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ F ĺğ ŕàőáâàăŋáâćă L^2_{α,β} áŕàăćěďńĺćë ŋěàăćěŋáâćă E_{n−1}(F ) ≤ ω_r (F, 2x^{α,β}_n ), r ≥ 1, (1.1) E_{n−1}(F ) ≤ 2^{(1−r)/2}ω_r (F, 2x^{α,β}_n ), 0 < r < 1; (1.2)

(B) ďńï łăęďőčő ŋăâãàăńìŋőčő çĺáńă n ∈ N ĺ ńîąőčő ŕőńőęĺâěńìŋőčő çĺáńă τ > 0 áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ G_k, k ∈ N, ĺğ L^2_{α,β}, âăłăï, çâő lim_{k→∞} E_{n−1}(G_k) ω_r(G_k, τ) ≥ 1, r > 0. Ğăňěçăŋĺě 1.1. Ŕãŋłâë 1), 5) ğăňěçăŋĺï 0.1 őáâăîâáï ć áĺńě ĺ ďńï âěőàěňë 1.1. Ğăňěçăŋĺě 1.2. Ŋĺęě (áň. áńěďáâćĺě 3.1) ąãďěâ ŕőłăğăŋő, çâő ŕàĺ α > β = −1/2 ãâćěàęďěŋĺě (A) âěőàěňë 1.1 áŕàăćěďńĺćő ďńï ńîąőčő ŋăâãàăńìŋőčő n ≥ 1. Ğăňěçăŋĺě 1.3. Ć áńãçăě α > β > −1/2 ãâćěàęďěŋĺï âěőàěňë 1.1 ąëńĺ ăŋőŋáĺàőćăŋë ăćâőàőň [2] ć ĺŋőľ íłćĺćăńěŋâŋőľ äőàňě.

Ś ŕőňőéìî âěőàěňë 1.1, ğăňěçăŋĺï 1.2 ĺ ŕàěďńőęěŋĺï 0.1 ŕőńãçăěň

Śńěďáâćĺě 1.1. Ŕãáâì α > β ≥ −1/2, n ≥ max^{2, 1 +^{α − β}_2^} , τ ≥ 2x^{α,β}_n . Šőčďă ďńï

âőçŋőľ łőŋáâăŋâë (0.13) ĺ âőçłĺ Ůěàŋëåă (0.19) ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{α,β} ćëŕőńŋïîâáï áőőâŋőèěŋĺï

K^{α,β}_n (τ, r) = 1, r ≥ 1; (1.3) 1 ≤ K^{α,β}_n (τ, r) ≤ 2^{(1−r)/2}, 0 < r < 1; x^{α,β}_n ≤ τ^{α,β}_n (r) ≤ 2x^{α,β}_n . Śńěďáâćĺě 1.2. Ŕãáâì α > −1/2, n ∈ N, τ ≥ min{π, 2x^{α,−1/2}n }. Šőčďă ĺňěîâ ňěáâő

áőőâŋőèěŋĺï K^{α,−1/2} n (τ, r) = 1, r ≥ 1; 1 ≤ K^{α,−1/2} n (τ, r) ≤ 2^{(1−r)/2}, 0 < r < 1; x^{α,−1/2} n ≤ τ^{α,−1/2}_n (r) ≤ min{π, 2x^{α,−1/2}_n }. Ďőłăğăâěńìáâćő âěőàěňë 1.1 ąãďěâ ŕàőćěďěŋő ŕőíâăŕŋő. Ćŋăçăńě ňë ŕőłăęěň, łăł ĺğ àěğãńìâăâă Ć.Ć.Ăàěáâőćă [24, âěőàěňă 1], [1, ńěňňă 4.2] ĺ ĺğćěáâŋëå áćőľáâć ŕőńĺŋőňőć §łőąĺ áńěďãěâ őæěŋłă áŋĺğã ďńï ćěńĺçĺŋë (0.13), ă ğăâěň, ŕàĺňěŋïï ĺďěĺ, áőďěàęăéĺěáï ć àăąőâăå Ŋ.Ĺ. Ůěàŋëå [13], [14] ĺ Ć.Ă.đďĺŋă [16], ŕő ăŋăńőčĺĺ á âěň, łăł íâő ãęě ďěńăńőáì ć ãńìâàăáäěàĺçěáłőň áńãçăě ć áâăâìě ăćâőàă [1], ŕőáâàőĺň ćěá (ďőŕãáâĺňãî äãŋłæĺî ć ďćőľáâćěŋŋőľ ğăďăçě), łőâőàëľ ďăáâ ŋãęŋãî őæěŋłã áćěàåã ďńï ĺáłőňőľ ćěńĺçĺŋë.

2. Řěďãłæĺï ł íłáâàěňăńìŋőľ ğăďăçě ďńï ŕőńĺŋőňőć §łőąĺ. Őæěŋłă áŋĺğã. Ŕãáâì α ≥ β > −1, α ≥ −1/2. Ŕő áâăŋďăàâŋőľ áåěňě (áň., ŋăŕàĺňěà, [1]), á ŕőňőéìî àăćěŋáâćă Ŕăàáěćăńï, ŕőńãçăěň, çâő ďńï ńîąőľ äãŋłæĺĺ F ∈ L^2_{α,β} łćăďàăâ ćěńĺçĺŋë

(0.3) ěě ŋăĺńãçèěčő áàěďŋěłćăďàăâĺçŋőčő ŕàĺąńĺęěŋĺï łőáĺŋãá-ŕőńĺŋőňăňĺ ŕőàïďłă n−1

ćëçĺáńïěâáï ŕő äőàňãńě

E^2_{n−1}(F ) = ∞∑ k=n F^2_k , F_k = (F, ϕ_k) (ϕ_k, ϕ_k)

, (2.1)

čďě ϕk = ϕ^{α,β}_k , k ∈ Z^+, – łőáĺŋãá-ŕőńĺŋőňë §łőąĺ (0.1), ă łćăďàăâ ŋőàňë ěě àăğŋőáâĺ ŕőàïďłă r > 0 á èăčőň t ∈ R ãďőćńěâćőàïěâ àăćěŋáâćã (0.10). Ŕőíâőňã ğăďăçă (0.13) áćőďĺâáï ł áńěďãîéěľ íłáâàěňăńìŋőľ ğăďăçě ďńï łőáĺŋãá-ŕőńĺŋőňőć §łőąĺ. Ŕàĺ äĺłáĺàőćăŋŋëå

α ≥ β > −1, α ≥ −1/2, τ > 0, r > 0, n ∈ N ŋăľâĺ ŋăĺńãçèãî łőŋáâăŋâã K = K^{α,β}_n (τ, r) ć

ŋěàăćěŋáâćě ∞∑ k=n ρ_k ≤ K max_{|t|≤τ} ∞∑ k=1 ρ_k{1 − ϕ_k(t)}^r, ∞∑ k=1 ρ_k < ∞, ρ_k ≥ 0, k ∈ N. (2.2) Ŋě âàãďŋő ŕőłăğăâì, çâő K^{α,β}_n (τ, r) = sup ∞∑ k=n ρ_k max 0≤t≤τ ∞∑ k=n ρ_k{1 − ϕ_k(t)}^r : 0 < ∞∑ k=n ρ_k < ∞, ρ_k ≥ 0, k ≥ n . (2.3)

Őąàăâĺň ćŋĺňăŋĺě çĺâăâěńï ŋă âő, çâő áãňňĺàőćăŋĺě ćő ćáěå áãňňăå ć (2.3) ćěďěâáï ŕő k, ŋăçĺŋăï á n, ĺ íâő ŋě ěáâì őŕěçăâłă. Őçěćĺďŋő âăłęě, çâő áŕàăćěďńĺćő àăćěŋáâćő {K^{α,β}_n (τ, r)}^2 = K^{α,β}_n (τ, r) (2.4) ŕàĺ α ≥ β > −1, α ≥ −1/2, τ > 0, r > 0, n ∈ N. Ğăďăçã (2.3) ňőęŋő ŕàěőąàăğőćăâì ł ćĺďã K^{α,β}_n (τ, r) = sup {_∞ ∑ k=n ρ_k : ∞∑ k=n ρ_k{1 − ϕ_k(t)}^r ≤ 1, t ∈ [0, τ]; ρ_k ≥ 0, k ≥ n } . (2.5)

Ćĺďŋő, çâő (2.5) ěáâì ğăďăçă (ąěáłőŋěçŋőňěàŋőčő) ńĺŋěľŋőčő ŕàőčàăňňĺàőćăŋĺï. Šăłőčő àőďă ğăďăçĺ ćőğŋĺłăîâ ĺ ć ďàãčĺå őąńăáâïå ňăâěňăâĺłĺ, ŋăŕàĺňěà, ŕàĺ ĺááńěďőćăŋĺĺ čàăŋĺæ ãŕăłőćőł ŋěłőâőàëå ňěâàĺçěáłĺå ŕàőáâàăŋáâć ŕő áåěňě Ďěńìáăàâă ([28], [29], [30],

[4], [31, čń.9, 13, 14], [25]), őæěŋőł áŋĺğã ňőéŋőáâĺ ďĺğăľŋőć (áň. [32]), ă âăłęě ć âěőàĺĺ

çĺáěń (áň. [33], [34] ĺ ŕàĺćěďěŋŋãî âăň ąĺąńĺőčàăäĺî).

Ďńï őæěŋłĺ áŋĺğã ćěńĺçĺŋë (2.3) ŋăň ŕőŋăďőąĺâáï áńěďãîéěě ãâćěàęďěŋĺě, ďőłăğăŋŋőě Ć.Ć.Ăàěáâőćëň [24, âěőàěňă 1], [1, ńěňňă 4.2]. Ŋĺęě ňë ąãďěň ĺáŕőńìğőćăâì áâăŋďăàâŋőě őąőğŋăçěŋĺě ‖f‖_{C[a,b]} = max_{x∈[a,b]} |f(x)| àăćŋőňěàŋőľ ŋőàňë ŋěŕàěàëćŋőľ ŋă őâàěğłě [a, b] äãŋłæĺĺ f.

Ńěňňă 2.1 (Ć.Ć.Ăàěáâőć). Ŕãáâì ŋă őâàěğłě [0, τ], τ > 0, ğăďăŋă áĺáâěňă ŋěŕàěàëć-

ŋëå äãŋłæĺľ ψ_k, k ∈ N, ãďőćńěâćőàïîéăï áńěďãîéĺň ãáńőćĺïň: 1) ψ_k(0) = 0, k ∈ N; 2) sup_{k∈} N ‖ψ_k‖_{C[0,τ ]} < ∞; 3) ďńï ńîąőčő ξ ∈ (0, τ] ćëŕőńŋïěâáï ŋěàăćěŋáâćő lim_{k→∞}{ max_{t∈[ξ,τ ]} ψ_k(t)} ≤ 1. Šőčďă ďńï ńîąőčő ε ∈ (0, 1) ŋăľďěâáï äãŋłæĺï

F (t) = ∞∑ k=1 ρ_k ψ_k(t), ∞∑ k=1 ρ_k = 1,

á ŋěőâàĺæăâěńìŋëňĺ łőíääĺæĺěŋâăňĺ ρ_k ≥ 0, k = 1, 2, . . ., âăłăï, çâő F (t) ≤ 1 + ε, t ∈ [0, τ].

Śńěďáâćĺě 2.1. Ŕãáâì α > β > −1, α > −1/2, τ > 0, r > 0, n ∈ N. Šőčďă ďńï âőç-

ŋőľ łőŋáâăŋâë K = K^{α,β}_n (τ, r) (áň. (0.13)) ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă (0.12) ć ŕàőáâàăŋáâćě L^2_{α,β} ĺňěěâ ňěáâő áńěďãîéăï őæěŋłă áŋĺğã K^{α,β}_n (τ, r) ≥ 1. (2.6) Ďőłăğăâěńìáâćő. Ĺğ őŕàěďěńěŋĺï (0.17) ĺ áőőâŋőèěŋĺï (0.18) ćëâěłăěâ, çâő ŋěàăćěŋáâćő (2.6) ďőáâăâőçŋő ďőłăğăâì ŕàĺ τ = π. Ĺğćěáâŋő (áň. [3, § 7.32.]), çâő ŕàĺ

α > β > −1, α > −1/2 łőáĺŋãá-ŕőńĺŋőňë §łőąĺ (0.1) ϕ_k = ϕ^{α,β}_k ďńï ŕàőĺğćőńìŋőčő

äĺłáĺàőćăŋŋőčő ξ ∈ (0, π] àăćŋőňěàŋő áâàěňïâáï ł ŋãńî ŋă őâàěğłě [ξ, π], â.ě. lim_{k→∞} ‖ϕ_k‖_{C[ξ,π]} = 0. Őâáîďă, á ãçěâőň áćőľáâćă (0.7), áńěďãěâ, çâő ŕàĺ łăęďőň äĺłáĺàőćăŋŋőň r > 0 áĺáâěňă äãŋłæĺľ_ψ k(x) = {1 − ϕ_{n−1+k} (x)}^r, k ∈ N, ãďőćńěâćőàïěâ ãáńőćĺïň ńěňňë 2.1 ŕàĺ τ = π. Ĺ ğŋăçĺâ, ďńï ńîąőčő ε ∈ (0, 1) ŋăľďěâáï äãŋłæĺï F ∈ L^2_{α,β}, âăłăï, çâő

E^2_n(F ) ω^2_r (F, π) = ∞∑ k=n F^2_k max 0≤t≤π ∞∑ k=n F^2_k {1 − ϕ_k(t)}^r ≥ 1 1 + ε

, F_k = (F, ϕ_k) (ϕ_k, ϕ_k) . İâő áőőâŋőèěŋĺě ĺ őŕàěďěńěŋĺě (0.13) ćńěłãâ (2.6). Śńěďáâćĺě ďőłăğăŋő.

3. Ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2_{α,−1/2}. Ć íâőň ŕãŋłâě, á ŕőňőéìî ŕàěďëďãéěčő áńěďáâćĺï, ŕěàćőčő àăćěŋáâćă ć (0.2), áőőâŋőèěŋĺľ (2.3) – (2.5) ĺ ãâćěàęďěŋĺï (A) âěőàěňë 0.1 ąãďěâ ŕőńãçěŋő Śńěďáâćĺě 3.1. Ŕãáâì α > −1/2. Šőčďă ĺňěîâ ňěáâő áńěďãîéĺě ďćă ãâćěàęďěŋĺï

1) ŕàĺ ńîąëå τ > 0, r > 0, n ∈ N ďńï łőŋáâăŋâë (0.13) Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2_{α,−1/2} ćëŕőńŋïîâáï őæěŋłĺ 1 ≤ K^{α,−1/2} n (τ, r) ≤ K^{α,α}_{2n} ( τ 2 , r ) ≤ K^{α,α}_{2n−1} ( τ 2 , r ) ;

2) ŕàĺ n ∈ N, τ ≥ min{π, 2x^{α,−1/2}n } áŕàăćěďńĺćë ŋěàăćěŋáâćă E_{n−1}(F ) ≤ ω_r (F, τ), F ∈ L^2_{α,−1/2}, r ≥ 1; E_{n−1}(F ) ≤ 2^{(1−r)/2}ω_r (F, τ), F ∈ L^2_{α,−1/2}, 0 < r < 1. Ďőłăğăâěńìáâćő. Ć áĺńã ŕěàćőčő àăćěŋáâćă ć (0.2) ďńï ćěńĺçĺŋë (2.5) ŕàĺ α > β = −1/2, τ > 0, r > 0, n ∈ N ĺňěěň K^{α,−1/2} n (τ, r) = sup {_∞ ∑ k=n ρ_k : ∞∑ k=n ρ_k{1 − ϕ^{α,−1/2}_k (t)}^r ≤ 1, t ∈ [0, τ]; ρ_k ≥ 0, k ≥ n } =

= sup {_∞ ∑ k=n ρ_k : ∞∑ k=n ρ_k { 1 − ϕ^{α,α}_{2k} ( t 2 )}_r ≤ 1, t ∈ [0, τ]; ρ_k ≥ 0, k ≥ n } =

= sup {_∞ ∑ k=n ρ_k : ∞∑ k=n ρ_k{1 − ϕ^{α,α}_{2k} (t)}^r ≤ 1, t ∈ [ 0, τ 2 ] ; ρ_k ≥ 0, k ≥ n } ≤

≤ sup {_∞ ∑ k=2n ρ_k : ∞∑ k=2n ρ_k{1 − ϕ^{α,α}_k (t)}^r ≤ 1, t ∈ [ 0, τ 2 ] ; ρ_k ≥ 0, k ≥ 2n } = = K^{α,α}_{2n} ( τ 2 , r ) ≤ K^{α,α}_{2n−1} ( τ 2 , r ) , çâő ćňěáâě á àăćěŋáâćőň (2.4) ĺ ŕàěďëďãéĺň áńěďáâćĺěň ćńěçěâ ŕěàćőě ãâćěàęďěŋĺě ďăŋŋőčő áńěďáâćĺï. Őâáîďă, ŕàĺŋĺňăï ćő ćŋĺňăŋĺě őŕàěďěńěŋĺě (0.13) ĺ ŋěàăćěŋáâćő (0.21), ŕőńãçăěň ŋěàăćěŋáâćă 1 ≤ K^{α,−1/2} n (τ, r) ≤ K^{α,α}_{2n} ( τ 2 , r ) ≤ 1 ŕàĺ r ≥ 1,^τ_2 ≥ 2x^{α,α}_{2n} = x^{α,−1/2}_n , n ∈ N,

łőâőàëě ćňěáâě áő ćâőàëň àăćěŋáâćőň ć (0.18) ĺ (0.9) ğăćěàèăîâ ďőłăğăâěńìáâćő ćâőàőčő ãâćěàęďěŋĺï áńěďáâćĺï.

4. Ďćőľáâćěŋŋăï ğăďăçă. Ąőńìèãî àőńì ŕàĺ ĺááńěďőćăŋĺĺ ğăďăçĺ (0.13) ĺńĺ íłćĺćăńěŋâŋőľ ěľ ğăďăçĺ (2.3), (2.5) ĺčàăěâ ďćőľáâćěŋŋăï ğăďăçă, łőâőàăï ďńï áńãçăï

α = β = −1/2, ŕő áãéěáâćã, áőďěàęĺâáï ĺ ãáŕěèŋő ŕàĺňěŋěŋă ć 1967 č. Ŋ.Ĺ.Ůěàŋëå [14], [13]. Śőőâŋőèěŋĺě ďćőľáâćěŋŋőáâĺ ďńï ąőńěě őąéěľ, çěň (2.3), ğăďăçĺ ąëńő ïćŋő áäőàňã-

ńĺàőćăŋő ĺ őąőáŋőćăŋő ć áőćňěáâŋőľ àăąőâě Ć.Ć.Ăàěáâőćă ĺ Ć.đ.Ŕőŕőćă [24, ńěňňë 1,2], łőâőàőě ňë ŕàĺćěďěň (ďńï ğăďăçĺ (2.3)) ć äőàňě, ąńĺğłőľ ł âőľ, łőâőàãî ĺáŕőńìğőćăń ăćâőà ć [20, âěőàěňă 1] ć áńãçăě α = β = −1/2.

Ĺňěŋŋő, ŕãáâì τ > 0, V^+_0 = V^+_0 [0, τ] – ňŋőęěáâćő őčàăŋĺçěŋŋëå, ŋěãąëćăîéĺå ŋă őâàěğłě [0, τ] äãŋłæĺľ μ ≢ const, ŋěŕàěàëćŋëå ć ŋãńě (μ(0) = μ(+0)). Šăłĺě äãŋłæĺĺ

μ ∈ V^+_0 ąãďěň ŋăğëćăâì ćěáăňĺ.

Ńěňňă 4.1. Ŕãáâì ćëŕőńŋěŋë ãáńőćĺï α ≥ β > −1, α ≥ −1/2, τ > 0, r > 0, n ∈ N. (4.1) Šőčďă ďńï ćěńĺçĺŋë (2.3) ĺňěěâ ňěáâő àăćěŋáâćő

K^{α,β}_n (τ, r) = min μ(τ) − μ(0) inf_{k≥n} ∫_τ 0 {1 − ϕ_k (t)}^rdμ(t) : μ ∈ V^+_0

. (4.2)

Ĺğ íâőľ ńěňňë áńěďãěâ, çâő łăęďëľ ćěá μ ∈ V^+_0 ďăěâ ďńï ćěńĺçĺŋë (2.3), ă áńěďőćăâěńìŋő (áň. (2.4)), ĺ ďńï ĺáłőňőľ ćěńĺçĺŋë (0.13), őæěŋłĺ áćěàåã K^{α,β}_n (τ, r) ≤ Φ(μ), K^{α,β}_n (τ, r) ≤ √ Φ(μ), (4.3)

čďě äãŋłæĺőŋăń Φ(μ) = Φ^{α,β}_n (μ, τ, r) ğăďăěâáï äőàňãńőľ

Φ(μ) = μ(τ) − μ(0) inf_{k≥n} ∫_τ 0 {1 − ϕ_k (t)}^rdμ(t) . (4.4)

Ŋĺęě (ć ŕãŋłâě 6) ŕàĺ α > β > − 1 2 , n ≥ max { 2, 1 + α − β 2 } , τ = 2x^{α,β}_n (4.5)

ąãďěâ ŕőáâàőěŋ ćěá μ = μτ ∈ V^+_0 [0, τ], ŋă łőâőàőň ğŋăçěŋĺě äãŋłæĺőŋăńă (4.4) àăćŋő ěďĺŋĺæě Φ(μτ ) = 1. Ĺ, ğŋăçĺâ, (áň. (4.3)) ć íâőň áńãçăě ňë ŕőńãçĺň őæěŋłã áćěàåã ďńï ćěńĺçĺŋë (0.13), áőćŕăďăîéãî á őæěŋłőľ áŋĺğã (2.6), â.ě. ŋăľďěň ćěńĺçĺŋã K^{α,β}_n (τ, r) = 1 ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺľ (4.5). Ďńï ŕőáâàőěŋĺï ãłăğăŋŋőčő ćěáă ŋăň ŕőŋăďőąïâáï ŋěłőâőàëě ĺğćěáâŋëě áćőľáâćă őąőąéěŋŋőčő áďćĺčă, ćëâěłăîéĺě ĺğ ěčő ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï, łőâőàőě, ć áćőî őçěàěďì, áńěďãěâ ĺğ äőàňãńë ãňŋőęěŋĺï ďńï ŕőńĺŋőňőć §łőąĺ ϕ^{α,β}_k ŕàĺ

α > β > −1/2, ãáâăŋőćńěŋŋőľ Ďę. Čăáŕěàőň [35], [36], ă ğăâěň ďőłăğăŋŋőľ ć ďàãčőľ íłćĺ-

ćăńěŋâŋőľ äőàňě Š. Łãàŋćĺŋďěàőň [37], [38] (áň. âăłęě [39, (4.2), (5.4), (5.5)]). Ŕàĺ íâőň, łăł őâňěçăěâáï ć [37], ć áńãçăě α > β = 0 äőàňãńă áńőęěŋĺï (ĺ, łăł áńěďáâćĺě, äőàňãńă ãňŋőęěŋĺï) ďńï ŕőńĺŋőňőć §łőąĺ ŕőńãçěŋă àăŋěě Ř.Ń.Ÿăŕĺàő [40].

5. Ŋěłőâőàëě áćőľáâćă őąőąéěŋŋőčő áďćĺčă. Ć ďăŋŋőň ŕãŋłâě ŕàĺćőďïâáï ĺğćěáâŋëě áćőľáâćă őąőąéěŋŋőčő áďćĺčă Tt (áň. (0.5)), ďěľáâćãîéěčő ć ŕàőáâàăŋáâćě L^2_{α,β} ŕàĺ α > β > −1/2. Őâňěâĺň, çâő ć ãńìâàăáäěàĺçěáłőň áńãçăě α = β > −1/2 ćăęŋëě áćőľáâćă íâőčő áďćĺčă ąëńĺ ãáâăŋőćńěŋë ć 1817 čőďã Ă.Ň.Ńěęăŋďàőň (áńãçăľ α = β = 0)

[41, á.262, äőàňãńă (x)] ĺ ć 1874 čőďã – Ń.Čěčěŋąăãíàőň (áńãçăľ α = β > −1/2) (áň. [42,

á.402]). Ă ĺňěŋŋő, ĺňĺ ąëńă ďőłăğăŋă âăł ŋăğëćăěňăï äőàňãńă ãňŋőęěŋĺï ďńï ãńìâàăáäěàĺçěáłĺå ŕőńĺŋőňőć ϕ^{α,α}_k (x) = R^{α,α}_k (cos x), k ∈ Z^+, T_tϕ^{α,α}_k (x) = ϕ^{α,α}_k (t)ϕ^{α,α}_k (x) = = Γ(α + 1) √ πΓ ( α +^1_2 ) ∫_π 0 R^{α,α}_k (cos x cos t + sin x sin t cos ξ)(sin ξ)^{2α}dξ. (5.1)

Ŕőçâĺ áâő ńěâ áŕãáâï Ďę.Čăáŕěà ŕőńãçĺń ăŋăńőč íâőčő àěğãńìâăâă ďńï łőáĺŋãáŕőńĺŋőňőć §łőąĺ ϕ^{α,β}_k , α > β > −1/2, k ∈ Z^+, ć áńěďãîéěľ ĺáâőłőőąàăğŋőľ äőàňě [35],

[36] (áň. âăłęě [38, ŕãŋłâ 5]) T_tϕ^{α,β}_k (2x) = ϕ^{α,β}_k (2t)ϕ^{α,β}_k (2x) = = ∫_π 0 ϕ^{α,β}_k (2ξ)F^{α,β}(sin t sin x, cos t cos x, cos ξ)(cos ξ)^{2β+1} sin ξdξ, (5.2)

ğďěáì 0 < t, x < π/2 ĺ ïďàő F^{α,β} ğăďăěâáï äőàňãńőľ F^{α,β}(a, b, c) = 2Γ(α + 1)a^{−2α} √ πΓ(α − β)Γ ( β +^1_2 ) ∫_π 0 (a^2 − b^2 − c^2 + 2bc cos v)^{α−β−1}_+ (sin v)^{2β}dv, (5.3)

(x)^λ_+ = { x^λ, ěáńĺ x > 0,

0, ěáńĺ x ≤ 0.

Ğăâěň Š.Łãàŋćĺŋďěà [37], [38] (áň. âăłęě [39, ŕãŋłâë 4,5]) ŋăèěń íłćĺćăńěŋâŋőě ćëàăęěŋĺě äőàňãńë ãňŋőęěŋĺï ďńï łőáĺŋãá-ŕőńĺŋőňőć §łőąĺ ϕ^{α,β}_k (x) = R^{α,β}_k (cos x), k ∈ Z^+, ŕő äőàňě ąőńěě ąńĺğłőľ ł äőàňãńě ãňŋőęěŋĺï Ńěęăŋďàă – Čěčěŋąăãíàă (5.1) T_tϕ^{α,β}_k (x) = ϕ^{α,β}_k (t)ϕ^{α,β}_k (x) = = 2Γ(α + 1) √ πΓ (α − β) Γ ( β +^1_2 ) ∫_1 0 ∫_π 0 R^{α,β}_k (cos Ψ)(1 − ρ^2)^{α−β−1}ρ^{2β+1}(sin ξ)^{2β}dξdρ, (5.4)

ğďěáì

cos Ψ = cos tcos x + ρsin tsin xcos ξ + 1 2 (ρ^2 − 1)(1 − cos t)(1 − cos x), (5.5)

t, x ∈ R, k ∈ Z^+, α > β > −1/2. Śńěďőćăâěńìŋő, ć íâőň áńãçăě ďěľáâćĺě áďćĺčă (0.5) ŋă

ŕàőĺğćőńìŋãî äãŋłæĺî F (x) = f(cos x) ∈ L^2_{α,β} ŕàĺ α > β > −1/2 ćëàăęăěâáï ć áńěďãîéěľ ĺŋâěčàăńìŋőľ äőàňě

T_tF (x) =

2Γ(α + 1) √ πΓ (α − β) Γ ( β +^1_2 ) ∫_1 0 ∫_π 0 f(cos Ψ)(1 − ρ^2)^{α−β−1}ρ^{2β+1}(sin ξ)^{2β}dξdρ, (5.6)

čďě t, x ∈ R ĺ cos Ψ ćëçĺáńïěâáï ŕő äőàňãńě (5.5). Ďàãčőě íłćĺćăńěŋâŋőě ĺáâőłőőąàăğŋőě ŕàěďáâăćńěŋĺě íâőčő áďćĺčă ŕőńãçăěâáï á ŕőňőéìî ïďàă (5.3) ć äőàňãńě ãňŋőęěŋĺï (5.2)

[38, ŕãŋłâ 5], [39, ŕãŋłâ 4].

Ŋěőąåőďĺňő áłăğăâì, çâő ãłăğăŋŋëň ćëèě àěğãńìâăâăň Ďę.Čăáŕěàă ĺ Š.Łãàŋćĺŋďěàă, łăł őâňěçăěâáï ć àăąőâě [37], ŕàěďèěáâćőćăń àěğãńìâăâ Ř.Ń.Ÿăŕĺàő [40] (1968 č.) ő äőàňãńě áńőęěŋĺï ďńï ŕőńĺŋőňőć §łőąĺ, ĺğ łőâőàőčő áńěďãěâ (5.6) ŕàĺ α > β = 0.

Ŕàĺćěďěň ŋěáłőńìłő áćőľáâć áďćĺčă, ćëâěłăîéĺå ĺğ ěčő ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï. İâĺ áćőľáâćă ŋăň ŕőâàěąãîâáï ć áńěďãîéěň ŕãŋłâě.

Ńěňňă 5.1 Ŕãáâì α > β > −1/2, 0 ≤ τ ≤ π/2, äãŋłæĺï F (x) = f(cos x) ŋěŕàěàëćŋă ŕàĺ

ćáěå x ∈ R ĺ F (x) = 0, x ∈ [τ, π]. Šőčďă äãŋłæĺï G(x) = T_τ F (x) ïćńïěâáï ŋěŕàěàëćŋőľ ŕàĺ ćáěå x ∈ R ĺ G(x) = 0, x ∈ [2τ, π]. Ďőłăğăâěńìáâćő. Ŋěŕàěàëćŋőáâì äãŋłæĺĺ G ńěčłő áńěďãěâ ĺğ ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï (5.6), (5.5) őŕěàăâőàă áďćĺčă. Ŕő ãáńőćĺî ńěňňë ĺňěěň f(u) = 0, u ∈ [−1, cos τ]. Ć áĺńã ĺŋâěčàăńìŋőčő ŕàěďáâăćńěŋĺï (5.6), (5.5) áďćĺčă ďńï ďőłăğăâěńìáâćă ńěňňë ďőáâăâőçŋő ŕőłăğăâì, çâő äãŋłæĺï

A(x, τ, ρ, ξ) = cos Ψ = cos τ cos x + ρ sin τ sin x cos ξ + 1 2 (ρ^2 − 1)(1 − cos τ)(1 − cos x)

ãďőćńěâćőàïěâ ŋěàăćěŋáâćăň − 1 ≤ A(x, τ, ρ, ξ) ≤ cos τ, (5.7) ěáńĺ ćëŕőńŋěŋë ãáńőćĺï 0 < τ ≤ π 2 , 0 ≤ ξ ≤ π, 2τ ≤ x ≤ π, 0 ≤ ρ ≤ 1. (5.8) Ćŋăçăńě ďőłăęěň ŕěàćőě ŋěàăćěŋáâćő ć (5.7). §áŋő, çâő ĺğ (5.8) áńěďãěâ, çâő sin τ sin x ≥ 0. Ŕőíâőňã ĺňěěň A(x, τ, ρ, ξ) ≥ A(x, τ, ρ, π) = A_1(x, τ, ρ) = cos τ cos x−ρ sin τ sin x+ 1 2 (ρ^2−1)(1−cos τ)(1−cos x).

Ğăňěâĺň, çâő äãŋłæĺï A1(x, τ, ρ) ŕő âàěâìěľ ŕěàěňěŋŋőľ ρ ïćńïěâáï ŕăàăąőńőľ, ŕàĺçěň ěě čńőąăńìŋëľ ňĺŋĺňãň ŕő íâőňã ăàčãňěŋâã ďőáâĺčăěâáï ć âőçłě

ρ^∗ = sin τ sin x

(1 − cos τ)(1 − cos x) . Šő ěáâì_A 1(x, τ, ρ) ≥ A_1(x, τ, ρ^∗) = −1,

ĺ, ğŋăçĺâ, ŕěàćőě ŋěàăćěŋáâćő ć (5.7) ďőłăğăŋő.

Ŕěàěľďěň ł ďőłăğăâěńìáâćã ćâőàőčő ŋěàăćěŋáâćă ć (5.7). Şáńőćĺï (5.8) ćńěłãâ ŋěàăćěŋáâćő A(x, τ, ρ, ξ) ≤ A(x, τ, ρ, 0) = A_2(x, τ, ρ) = cos τ cos x+ρ sin τ sin x+ 1 2 (ρ^2−1)(1−cos τ)(1−cos x),

ă âăłęě_A 2(x, τ, ρ) ≤ max{A_2(x, τ, 0), A_2(x, τ, 1)}. Ĺňěěň

A_2(x, τ, 0) = cos τ cos x − 1 2 (1 − cos τ)(1 − cos x) = 1 2 {(1 + cos τ) cos x − 1 + cos τ} ≤ cos τ;

A_2(x, τ, 1) = cos τ cos x + sin τ sin x = cos(x − τ) ≤ cos τ.

Ńěňňă ďőłăğăŋă.

Ć àăąőâě Ďę.Čăáŕěàă [35] áőďěàęĺâáï áńěďãîéěě őŕàěďěńěŋĺě áćěàâłĺ ďćãå äãŋłæĺľ

F, G ĺğ L^2_{α,β} (ă ŋă áăňőň ďěńě – ĺ ďńï äãŋłæĺľ ĺğ L^1_{α,β}), łőâőàőě ňőęŋő ğăŕĺáăâì ć ćĺďě (F ∗ G)(t) = ∫_π 0 {T_xF (t)}G(x) ( sin x 2 )_{2α+1} ( cos x 2 )_{2β+1} dx. (5.9) Łàőňě âőčő, ć ãłăğăŋŋőľ àăąőâě ŕàĺćěďěŋő áćőľáâćő łőňňãâăâĺćŋőáâĺ íâőľ őŕěàăæĺĺ

(F ∗ G)(t) = (G ∗ F )(t), t ∈ R. (5.10)

Ŕőáłőńìłã TxF (t) = TtF (x) ďńï ńîąëå x, t ∈ R, âő àăćěŋáâćő (5.10) őğŋăçăěâ áăňőáőŕàïęěŋŋőáâì őŕěàăâőàă áďćĺčă. Šő ěáâì áŕàăćěďńĺćă ńěňňă.

Ńěňňă 5.2 Ŕãáâì α > β > −1/2, t ∈ R. Šőčďă ďńï ńîąëå ďćãå äãŋłæĺľ F, G ∈ L^2_{α,β}

ćëŕőńŋïěâáï àăćěŋáâćő (T_tF, G) = (F, T_tG). (5.11)

6. Őæěŋłă áćěàåã. Ć ďăŋŋőň ŕãŋłâě ąãďěâ ŕőáâàőěŋ ćěá μ ∈ V^+_0 [0, τ], ŋă łőâőàőň, ŕàĺ ćëŕőńŋěŋĺĺ ãáńőćĺľ (4.5), ďőáâĺčăěâáï ňĺŋĺňãň ć ďćőľáâćěŋŋőľ ğăďăçě (4.2).

Řăááňőâàĺň áńěďãîéěě ňŋőęěáâćő äãŋłæĺľ C^{α,β}_n = { F (x) = ∞∑ k=n ρ_kϕ^{α,β}_k (x) : F (0) = ∞∑ k=n ρ_k = 1, ρ_k ≥ 0, k ≥ n } , (6.1)

čďě α ≥ β > −1, α ≥ −1/2, n ∈ N, ϕ^{α,β}_k – łőáĺŋãá-ŕőńĺŋőň §łőąĺ (0.1). İâő ňŋőęěáâćő ïćńïěâáï ćëŕãłńëň ŕőďňŋőęěáâćőň ŕàőáâàăŋáâćă C[0, π] ŋěŕàěàëćŋëå ŋă [0, π] äãŋłæĺľ. Šăł ęě, łăł ĺ ć ãńìâàăáäěàĺçěáłőň áńãçăě [1, ŕãŋłâ 4], ććěďěň áńěďãîéěě Őŕàěďěńěŋĺě 6.2 Ŕőńőęĺâěńìŋőě çĺáńő σ = σ(C^{α,β}_n ) ŋăğőćěň âőçłőľ Ůěàŋëåă ďńï ňŋő-

ęěáâćă C^{α,β}_n , ěáńĺ őďŋőćàěňěŋŋő ćëŕőńŋïîâáï áńěďãîéĺě ďćă ãáńőćĺï

(a) ďńï ńîąőľ äãŋłæĺĺ F ∈ C^{α,β}_n ŋăľďěâáï âőçłă x^∗ ∈ (0, σ), ć łőâőàőľ F (x^∗) < 0;

(b) ďńï ńîąőčő δ ∈ (0, σ) ŋăľďãâáï äãŋłæĺï F_δ ∈ C^{α,β}_n ĺ çĺáńő ε > 0, âăłĺě, çâő F_δ (x) ≥ ε ŕàĺ ćáěå x ∈ [0, δ].

Řěğãńìâăâë Ŋ.Ĺ.Ůěàŋëå [14], [15] (áň. (0.15), (0.16)) íłćĺćăńěŋâŋë àăćěŋáâćã σ(C^{−1/2,−1/2} n ) = π n , n ∈ N. Ć.đ.Ŕőŕőć [17, âěőàěňă 3] ŕőńãçĺń àěğãńìâăâ, ĺğ łőâőàőčő ćëâěłăěâ ŋěàăćěŋáâćő σ(C^{α,α}_n ) ≤ 2π n + 1 , α = 0, 1 2 , n ∈ N. Ć àăąőâě ăćâőàă [1, ńěňňă 4.1] ŕőńãçěŋë őæěŋłĺ τ^{α,α}_n ≤ σ(C^{α,α}_n ) ≤ 2τ^{α,α}_n , α ≥ − 1 2 , n ∈ N. Ś ŕőňőéìî äãŋłæĺĺ ϕ^{α,β}_n ńěčłő ďőłăğăâì áńěďãîéěě ãâćěàęďěŋĺě. Ŕàěďńőęěŋĺě 6.1 Ŕàĺ α ≥ β > −1, α ≥ −1/2, n ∈ N ĺňěěâ ňěáâő őæěŋłă áŋĺğã x^{α,β}_n ≤ σ(C^{α,β}_n ), (6.2) čďě x^{α,β}_n ěáâì ŕěàćëľ ŕőńőęĺâěńìŋëľ ŋãńì łőáĺŋãá-ŕőńĺŋőňă §łőąĺ ϕ^{α,β}_n (áň. (0.20)).

Ć ďăńìŋěľèěň ŋăň ŕőâàěąãîâáï ĺğćěáâŋëě őæěŋłĺ ďńï x^{α,β}_n (áň. [3, § 6.2]).

Ŕàěďńőęěŋĺě 6.2 Ŕàĺ α > −1, β > −1, n ≥ max^{2, 1 +^{α − β}_2^} ćëŕőńŋïîâáï ŋěàăćěŋ-

áâćă 0 < x^{α,β}_n ≤ π 2 . Őáŋőćŋëň àěğãńìâăâőň ďăŋŋőčő ŕãŋłâă ïćńïěâáï

Ńěňňă 6.1 Ŕãáâì α > β > −1/2, n ≥ max^{2, 1 +^{α − β}_2^} . Šőčďă áŕàăćěďńĺćă őæěŋłă

áćěàåã σ(C^{α,β}_n ) ≤ 2x^{α,β}_n . (6.3) Ďőłăğăâěńìáâćő. Ďőłăğăâěńìáâćő ąãďěň ŕàőćőďĺâì âăł ęě, łăł íâő áďěńăŋő ć ãńìâàăáäěàĺçěáłőň áńãçăě [1, ńěňňă 4.1], ćŋěáï ěáâěáâćěŋŋëě ĺğňěŋěŋĺï. Ďńï łàăâłőáâĺ ŕőńőęĺň xn = x^{α,β}_n , ϕk = ϕ^{α,β}_k , k ∈ Z^+. Ŕãáâì V = V^{α,β}_n ěáâì çěâŋăï 2π-ŕěàĺőďĺçěáłăï äãŋłæĺï, ŋěŕàěàëćŋăï ŋă ćáěľ ďěľáâćĺâěńìŋőľ őáĺ R, łőâőàãî ďőáâăâőçŋő ğăďăâì ŋă őâàěğłě [0, π] : V(x) = { ϕ_n(x), 0 ≤ x ≤ x_n, 0, x_n < x ≤ π. (6.4)

Őŕàěďěńĺň çěâŋãî 2π-ŕěàĺőďĺçěáłãî äãŋłæĺî v, ğăďăć ěě ŋă őâàěğłě [0, π] äőàňãńőľ v(x) = ( sin x 2 )_{2α+1} ( cos x 2 )_{2β+1} T_{xn} V(x), x ∈ [0, π], (6.5) čďě Tt ěáâì őŕěàăâőà (őąőąéěŋŋőčő) áďćĺčă á èăčőň t (áň. (0.5), (5.6)). Ĺğ őŕàěďěńěŋĺï

(6.4), ŕàěďńőęěŋĺï 6.2, ńěňňë 5.1 ĺ äőàňãńë (5.6) áńěďãěâ, çâő v(x) ≥ 0, x ∈ R; v(x) ≢ 0; v(x) = 0, x ∈ [2x^{α,β}_n , π]. (6.6)

Ĺáŕőńìğãï áăňőáőŕàïęěŋŋőáâì őŕěàăâőàă áďćĺčă (áň. ńěňňã 5.2) ŋăľďěň áńěďãîéĺě łőíääĺæĺěŋâë

a_k = ∫_{2xn} 0 v(x)ϕ_k(x)dx = ∫_π 0 v(x)ϕ_k(x)dx = (T_{xn}V, ϕ_k) = (V, T_{xn}ϕ_k) = = ϕ_k (x_n)(V, ϕ_k) = ϕ_k(x_n) ∫_{xn} 0 ϕ_n(x)ϕ_k(x) ( sin x 2 )_{2α+1} ( cos x 2 )_{2β+1} dx = = ϕ_k (x_n) ∫_{xn} 0 φ_n(x)φ_k(x)dx, (6.7) čďě φ_k(x) = ϕ_k (x) ( sin x 2 )_{α+} 1_2 ( cos x 2 )_{β+} 1_2

, k ∈ Z^+. (6.8)

Ťãŋłæĺĺ φk ãďőćńěâćőàïîâ ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî (áň. [3, á.79,§ 4.24]) φ^{′′}_k(x) − q(x)φ_k(x) = − ( k + α + β + 1 2 )_2

φ_k(x), k ∈ Z^+, (6.9) čďě q(x) = α^2 − 1 4 4 ( sin x 2 )_2 + β^2 − 1 4 4 ( cos x 2 )_2 .

Řăááňőâàĺň ćëàăęěŋĺě

c_k = {( n + α + β + 1 2 )_2 − ( k + α + β + 1 2 )_2} ∫_{xn} 0 φ_n(x)φ_k(x)dx. (6.10)

Ś ŕőňőéìî ãàăćŋěŋĺï (6.9) ŕőńãçăěň

c_k = ∫_{xn} 0 {φ^{′′}_k(x)φ_n(x) − φ_k(x)φ^{′′}_n(x)}dx = = {φ^′_k(x)φ_n(x) − φ_k(x)φ^′_n(x)} | | | | xn

0 = −φ_k(x_n)φ^′_n(x_n) =

= −ϕ_k (x_n)ϕ^′_n(x_n) ( sin x_n 2 )_{2α+1} ( cos x_n 2 )_{2β+1} . (6.11)

Ĺğ (6.7) – (6.11) ćĺďŋő, çâő

a_n = 0, a_k ≤ 0 ŕàĺ k > n, a_k ≥ 0 ŕàĺ k = 0, 1, 2, . . ., n − 1, (6.12)

âăł łăł ϕ^′_n(xn) < 0, ĺ ŕàĺ k ≠ n ĺňěěň

a_k = c_k ( n + α + β + 1 2 )_2 − ( k + α + β + 1 2 )_2 = ϕ^2_k (x_n)ϕ^′_n(x_n) ( sin x_n 2 )_{2α+1} ( cos x_n 2 )_{2β+1} ( k + α + β + 1 2 )_2 − ( n + α + β + 1 2 )_2 ,

Şçĺâëćăï áćőľáâćă (6.6) ĺ (6.12), ŕőńãçăěň, çâő ďńï łăęďőľ äãŋłæĺĺ F (x) = ∞∑ k=n ρ_kϕ_k(x) ĺğ ňŋőęěáâćă C^{α,β}_n (áň. (6.1)) ćëŕőńŋïěâáï áőőâŋőèěŋĺě ∫_{2xn} 0 F (x)v(x)dx = ∞∑ k=n ρ_k ∫_{2xn} 0 ϕ_k (x)v(x)dx = ∞∑ k=n ρ_ka_k ≤ 0,

ĺ, ğŋăçĺâ, ŋăľďěâáï âőçłă x^∗ ∈ (0, 2xn), ć łőâőàőľ F (x^∗) < 0. Őâáîďă áńěďãěâ (6.3). Ńěňňă ďőłăğăŋă.

7. Ďőłăğăâěńìáâćő âěőàěňë 1.1. Śńěďáâćĺě 3.1 ćńěçěâ ãâćěàęďěŋĺï âěőàěňë 1.1 ŕàĺ α > β = −1/2. Ŕãáâì âěŕěàì α > β > −1/2. Ć íâőň áńãçăě ŕãŋłâ (Ć) âěőàěňë 1.1 áőďěàęĺâáï ć áńěďáâćĺĺ 2.1. Ć áĺńã ŋěàăćěŋáâćă 1 − ru ≤ (1 − u)^r ŕàĺ |u| ≤ 1, r ≥ 1, ĺ áőőâŋőèěŋĺľ (2.3) – (2.5) ďńï ďőłăğăâěńìáâćă ŋěàăćěŋáâćă (1.1) ďőáâăâőçŋő ďőłăğăâì ŋěàăćěŋáâćő_∞ ∑ k=n ρ_k < max 0≤t≤2xα,βn ∞∑ k=n ρ_k{1 − rϕ_k (t)}, ∞∑ k=n ρ_k = 1, ρ_k ≥ 0, k ∈ N. (7.1)

Řïď ć ŕàăćőľ çăáâĺ (7.1) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě ∞∑ k=n ρ_k{1 − rϕ_k(t)} = ∞∑ k=n ρ_k − rF (t), čďě F ∈ C^{α,β}_n (áň. (6.1)). Ć áĺńã (6.3) ĺ őŕàěďěńěŋĺï 6.2 ŋăľďěâáï âőçłă x^∗ ∈ (0, 2x^{α,β}_n ), ć łőâőàőľ F (x^∗) < 0, çâő íłćĺćăńěŋâŋő (7.1).

Şâćěàęďěŋĺě (1.2) ďőłăğëćăěâáï ăŋăńőčĺçŋő á ŕőňőéìî ŋěàăćěŋáâćă 2^{r−1}(1 − u) ≤

(1 − u)^r ŕàĺ 0 < r < 1, |u| ≤ 1. Šěőàěňă 1.1 ďőłăğăŋă.

Łăł ãęě őâňěçăńőáì ćëèě, ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2_{α,β} ŕàĺ

α = β = (m − 3)/2, m = 2, 3, . . ., âěáŋő áćïğăŋő á ăŋăńőčĺçŋëň ŋěàăćěŋáâćőň ć ŕàőáâàăŋ-

áâćě L^2(S^{m−1}) łőňŕńěłáŋëå äãŋłæĺľ, ğăďăŋŋëå ŋă ěďĺŋĺçŋőľ áäěàě S^{m−1} ćěéěáâćěŋŋőčő ěćłńĺďőćă ŕàőáâàăŋáâćă R^m. Ć áńãçăě, łőčďă α, β àăğńĺçŋëě, ãłăğăŋŋőě ŋěàăćěŋáâćő áćïğăŋő á ăŋăńőčĺçŋëň ŋěàăćěŋáâćőň ć ŕàőáâàăŋáâćě L^2 łőňŕńěłáŋëå äãŋłæĺľ, ğăďăŋŋëå ŋă ŕàőěłâĺćŋëå ŕàőáâàăŋáâćăå P^{m−1}(R) (ŕàĺ α = (m − 3)/2, β = −1/2, m ≥ 3) ĺ P^{m−1}(C) (ŕàĺ α = m − 2, β = 0, m ≥ 3) ŋăď ŕőńïňĺ R ĺ Ś ćěéěáâćěŋŋëå ĺ łőňŕńěłáŋëå çĺáěń, áőőâćěâáâćěŋŋő.

8. Ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă ć L^2 ŋă áäěàě ĺ ŕàőěłâĺćŋëå ŕàőáâàăŋáâćăå. Ŕàïňëě âěőàěňë âěőàĺĺ ŕàĺąńĺęěŋĺï äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå, ć âőň çĺáńě – ğăďăŋŋëå ŋă âăłĺå łńăááĺçěáłĺå ňŋőčőőąàăğĺïå łăł áäěàă, âőà, ěćłńĺďőćő ĺ ŕàőěłâĺćŋőě ŕàőáâàăŋáâćő, ĺğãçăńĺáì á ŋăçăńă íâőčő ćěłă ĺ ďő áĺå ŕőà ïćńïîâáï őąêěłâőň ĺŋâěŋáĺćŋëå ĺááńěďőćăŋĺľ. Ŋěłőâőàëě ĺáâőàĺçěáłĺě áćěďěŋĺï ŕő ŋěàăćěŋáâćăň Ďęěłáőŋă–Śâěçłĺŋă ŋă áäěàě ĺ ŕàőěłâĺćŋëå ŕàőáâàăŋáâćăå áőďěàęăâáï ć àăąőâăå [43], [44], [45], [9], [1], [46].

Ŋăçŋěň áő áäěàë. Ğďěáì ąãďěâ ďőŕőńŋěŋ àěğãńìâăâ Ć.Ć.Ăàěáâőćă [1, ãâćěàęďěŋĺě (B) âěőàěňë 2.2] őą őæěŋłě áŋĺğã łőŋáâăŋâë Ďęěłáőŋă–Śâěçłĺŋă ŋă áäěàě S^{m−1}, m ≥ 3. Ŕàĺ íâőň ňë ąãďěň ĺáŕőńìğőćăâì, ć őáŋőćŋőň, őąőğŋăçěŋĺï ĺ ĺğćěáâŋëě äăłâë ĺğ čăàňőŋĺçěáłőčő ăŋăńĺğă, ŕàĺňěŋïćèĺěáï ć [1].

Ĺâăł, ŕãáâì L^2(S^{m−1}), m ≥ 2, ěáâì ŕàőáâàăŋáâćő łőňŕńěłáŋëå äãŋłæĺľ, ğăďăŋŋëå ŋă ěďĺŋĺçŋőľ áäěàě S^{m−1} ŕàőáâàăŋáâćă R^m, áő áłăńïàŋëň ŕàőĺğćěďěŋĺěň (f, g) = 1 | S^{m−1} | ∫ S^m�^1 f(ξ)g(ξ) dξ (8.1) ĺ ŋőàňőľ ‖f‖ = (f, f)^{1/2}. Ğďěáì |S^{m−1}| =^{2πm/2}_{Γ(m/2)} – ŕńőéăďì áäěàë S^{m−1}. Ňŋőčőçńěŋőň

áâěŕěŋĺ ŋě ćëèě n ŋăğëćăěâáï äãŋłæĺï p(x) = ∑ c_{α1,...,αm} x^{α1}_1 · . . . · x^{αm}_m , α_1 + . . . + α_m ≤ n, α_k ∈ Z^+, á łőňŕńěłáŋëňĺ łőíääĺæĺěŋâăňĺ cα_1,...,α_m. Ňŋőęěáâćő áãęěŋĺľ âăłĺå ňŋőčőçńěŋőć ŋă

S^{m−1} őąőğŋăçĺň çěàěğ P_n = P_{n,m}. Ŋăĺńãçèĺň ŕàĺąńĺęěŋĺěň äãŋłæĺĺ f ∈ L^2 ŕàőáâàăŋ-

áâćőň Pn ŋăğëćăěâáï ćěńĺçĺŋă E_n(f) = min{‖f − p‖ : p ∈ P_n}.

Śďćĺčőň á èăčőň t ∈ R ŋăğëćăěâáï (áň., ŋăŕàĺňěà, [44, äőàňãńë (1.1), (1.19)]) őŕěàăâőà

M_t, ďěľáâćãîéĺľ ĺğ L^2(S^{m−1}) ć L^2(S^{m−1}) ŕő ŕàăćĺńã M_tf(x) = 1 |S^{m−2}| ∫ S^m�^2_{π/2} (x)

f(x cos t + ξ sin t)dξ, (8.2)

ğďěáì x ∈ S^{m−1}, ĺ ĺŋâěčàăń ąěàěâáï ŕő áäěàě S^{m−2}_{π/2} (x) = {ξ ∈ S^{m−1} : x · ξ = cos^π_2 = 0}, čďě

x·ξ = x_1ξ_1 +. . .+x_mξ_m – áłăńïàŋőě ŕàőĺğćěďěŋĺě ćěłâőàőć x = (x_1, . . ., x_m), ξ = (ξ_1, . . ., ξ_m)

ĺğ R^m. Ŕàĺ t ∈ (0, π) íâőâ őŕěàăâőà ňőęŋő ŕàěďáâăćĺâì ć ćĺďě M_tf(x) = 1 |S^{m−2}|(sin t)^{m−2} ∫ S^m�^2_t (x) f(ξ)dξ, (8.3) čďě S^{m−2}_t (x) = {ξ ∈ S^{m−1} : x · ξ = cos t}. Řăğŋőáâŋëň őŕěàăâőàőň ŕőàïďłă r > 0 á èăčőň

t ∈ R ŋăğëćăěâáï őŕěàăâőà [9]

Δ^r_t = (I − M_t)^{r/2} = ∞∑ k=0 (−1)^k ( r/2 k ) M^k_t , čďě I – âőęďěáâćěŋŋëľ őŕěàăâőà. Śőőâćěâáâćãîéĺň ňőďãńěň ŋěŕàěàëćŋőáâĺ ŕőàïďłă r > 0 äãŋłæĺĺ f ∈ L2(S^{m−1}) ïćńïěâáï áńěďãîéăï äãŋłæĺï ŕěàěňěŋŋőčő τ > 0 ω_r(f, τ) = sup{‖Δ^r_t f‖ : 0 ≤ t ≤ τ}. Őąőğŋăçĺň çěàěğ Kn(τ, r)_L2_{(S}m�1_), τ > 0, r > 0, m = 2, 3, . . ., âőçŋãî łőŋáâăŋâã K ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2(S^{m−1}) E_{n−1}(f) ≤ Kω_r(f, τ), f ∈ L^2(S^{m−1}). Šő ěáâì ŕőńőęĺň

K_n(τ, r)_L2_(Sm�1_) = sup { E_{n−1}(f) ω_r (f, τ) : f ∈ L^2(S^{m−1}), f ≢ const } , (8.4)

n, m ∈ N, m ≥ 2, τ > 0, r > 0. Ţőàőèő ĺğćěáâŋő, çâő ŕàőáâàăŋáâćő L^2(S^{m−1}) àăğńăčăěâáï

ć őàâőčőŋăńìŋãî ŕàïňãî áãňňã

L^2(S^{m−1}) = ∞∑ k=0 ⊕H_k łőŋěçŋőňěàŋëå ŕőďŕàőáâàăŋáâć Hk = Hk,m, dim Hk =^{2k + m − 2}_{m − 2} ( k + m − 3 k ) áäěàĺçěáłĺå čăàňőŋĺł áâěŕěŋĺ k (áň., ŋăŕàĺňěà, [4]). Ŋăŕőňŋĺň, çâő áäěàĺçěáłőľ čăàňőŋĺłőľ áâěŕěŋĺ k ŋăğëćăîâ áãęěŋĺě ŋă áäěàã S^{m−1} őďŋőàőďŋőčő čăàňőŋĺçěáłőčő ňŋőčőçńěŋă áâěŕěŋĺ k q(x) = ∑ c_{α1,...,αm} x^{α1}_1 · . . . · x^{αm}_m , m∑ l=1 α_l = k, α_l ∈ Z^+, Δq = 0,

čďě Δ =^{m∑}_{l=1}^{∂2}_{∂x2l} ěáâì őŕěàăâőà Ńăŕńăáă. Őŕěàăâőà őàâőčőŋăńìŋőčő ŕàőěłâĺàőćăŋĺï Yk :

L^2(S^{m−1}) → H_k ĺňěěâ ćĺď

Y_k f(x) = dim H_k |S^{m−1}| ∫ S^m�^1 R^{α,α}_k (x · ξ)f(ξ)dξ, α = m − 3 2 , k ∈ Z^+.

Ĺŋëňĺ áńőćăňĺ, łăęďăï äãŋłæĺï f ∈ L^2(S^{m−1}) ěďĺŋáâćěŋŋëň őąàăğőň àăğńăčăěâáï ć àïď Ťãàìě ŕő áäěàĺçěáłĺň čăàňőŋĺłăň, áåőďïéĺľáï ł ŋěľ ć L^2(S^{m−1}) f(x) = ∞∑ k=0 Y_k f(x). (8.5)

Ďěľáâćĺě őŕěàăâőàă áďćĺčă Mt á èăčőň t ∈ R ŋă äãŋłæĺî f ∈ L^2(S^{m−1}) ćëàăęăěâáï äőàňãńőľ M_tf(x) = ∞∑ k=0 R^{α,α}_k (cos t)Y_k f(x) = ∞∑ k=0 ϕ^{α,α}_k (t)Y_k f(x), α = m − 3 2 . Őâáîďă á ŕőňőéìî àăćěŋáâćă Ŕăàáěćăńï ŕőńãçăîâáï áńěďãîéĺě ĺğćěáâŋëě áőőâŋőèěŋĺï

E^2_{n−1}(f) = ∞∑ k=n ‖Y_kf‖^2,

‖Δ^r_t f‖^2 = ∞∑ k=1 {1 − ϕ^{α,α}_k (t)}^r‖Y_kf‖^2, α = m − 3 2 , t ∈ R. Ŕőíâőňã ğăďăçă (8.4) áćőďĺâáï ł ğăďăçě (2.3) ŕàĺ α = β =^{m − 3}_2 , âő ěáâì, á ãçěâőň àăćěŋáâćă (2.4), ĺňěěň

K^2_n(τ, r)_L2_(Sm�1_) = K^{α,α}_n (τ, r) = {K^{α,α}_n (τ, r)}^2, α = m − 3 2 , (8.6) ďńï n, m ∈ N, m ≥ 2, τ > 0, r > 0. Šěŕěàì á ŕőňőéìî ŕěàćőčő ãâćěàęďěŋĺï áńěďáâćĺï 3.1 ňë ňőęěň áäőàňãńĺàőćăâì őâňěçěŋŋőě ćëèě ďőŕőńŋěŋĺě ł àěğãńìâăâã Ć.Ć.Ăàěáâőćă őą őæěŋłě áŋĺğã łőŋáâăŋâë Ďęěłáőŋă–Śâěçłĺŋă ŋă áäěàě. Ă ĺňěŋŋő, ć ŕãŋłâě (B) âěőàěňë 2.2 ĺğ àăąőâë [1] ãáńőćĺě τ ∈ (0, π) ňőęŋő őáńăąĺâì, ğăňěŋĺć ěčő ŋă ãáńőćĺě τ > 0. Šěň áăňëň ãŕàőéăěâáï äőàňãńĺàőćłă ãŕőňïŋãâőľ âěőàěňë.

Šěőàěňă 8.1. Ďńï łăęďőčő n ∈ N ćëŕőńŋïîâáï ãâćěàęďěŋĺï

(A) ŕàĺ m = 2, 3, . . ., α = m − 3 2 ďńï łăęďőľ äãŋłæĺĺ f ∈ L^2(S^{m−1}), f ≢ const, ćëŕőńŋïěâáï ŋěàăćěŋáâćő E_{n−1}(f) < max{1, 2^{(1−r)/2}}ω_r(f, 2x^{α,α}_n ), r > 0; (B) ŕàĺ m = 3, 4, . . ., τ > 0 áãéěáâćãěâ ŕőáńěďőćăâěńìŋőáâì äãŋłæĺľ g_k, k ∈ N, ĺğ L^2(S^{m−1}), âăłăï, çâő lim_{k→∞} E_{n−1}(g_k) ω_r(g_k, τ) ≥ 1, r > 0. Ğăňěçăŋĺě 8.1. Ć áĺńã àăćěŋáâć (8.6) ĺ őŕàěďěńěŋĺï (0.13) ćáě ŕãŋłâë ğăňěçăŋĺï 0.1 ěáâěáâćěŋŋëň őąàăğőň ŕěàěŋőáïâáï ĺ ŋă âěőàěňã 8.1.

Ŕěàěľďěň ł ğăďăçě ő âőçŋőň ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2(P^{m−1}) łőňŕńěłáŋëå äãŋłæĺľ, ğăďăŋŋëå ŋă ćěéěáâćěŋŋőň ŕàőěłâĺćŋőň ŕàőáâàăŋáâćě P^{m−1} =

P^{m−1}(R), m = 3, 4, . . .. Łăł åőàőèő ĺğćěáâŋő (áň. [29], [4]), ŕàőáâàăŋáâćő L^2(P^{m−1}) ňőęŋő

őâőęďěáâćĺâì á ŕőďŕàőáâàăŋáâćőň ćáěå çěâŋëå äãŋłæĺľ f ĺğ ŕàőáâàăŋáâćă L^2(S^{m−1}). Šő ěáâì ňőęŋő áçĺâăâì, çâő

L^2(P^{m−1}) = {f ∈ L^2(S^{m−1}) : f(x) = f(−x), x ∈ S^{m−1}}.

Ŕőáłőńìłã ďńï çěâŋőľ äãŋłæĺĺ f ∈ L^2(S^{m−1}) àăğńőęěŋĺě (8.4) ć àïď Ťãàìě áőďěàęĺâ áäěàĺçěáłĺě čăàňőŋĺłĺ ńĺèì çěâŋőľ áâěŕěŋĺ f(x) = ∞∑ k=0 Y_{2k} f(x), âő ďńï äãŋłæĺĺ f ∈ L^2(P^{m−1}) ćěńĺçĺŋőľ ěě ŋăĺńãçèěčő ŕàĺąńĺęěŋĺï ŕőàïďłă n − 1 ěáâěáâćěŋŋő ŋăğćăâì áńěďãîéěě çĺáńő

E_{n−1}(f) = min { ‖f − g‖ : g ∈ n−1∑ k=0 H_{2k} } . Ć łăçěáâćě őŕěàăâőàă áďćĺčă á èăčőň t ∈ R ćőğìňěň áãęěŋĺě őŕěàăâőàă Mt, őŕàěďěńěŋŋőčő äőàňãńőľ (8.2), ŋă L^2(P^{m−1}). Ŕőíâőňã ŕőŋïâĺě ňőďãńï ŋěŕàěàëćŋőáâĺ ŕőàïďłă r > 0 äãŋłæĺĺ f ĺğ L^2(P^{m−1}) őáâăěâáï ŕàěęŋĺň. Ğăďăçă ő âőçŋőľ łőŋáâăŋâě

K = K_n(τ, r)_L2_(Pm�1_) ć ŋěàăćěŋáâćě Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2(P^{m−1})

E_{n−1}(f) ≤ Kω_r(f, τ), f ∈ L^2(P^{m−1}), (8.7)

áőćŕăďăěâ á ğăďăçěľ

K_n(τ, r)_L2_(Pm�1_) = sup { E_{n−1}(f) ω_r(f, τ) : f ∈ L^2(P^{m−1}), f ≢ const } . (8.8)

İâă ğăďăçă ŕő ãłăğăŋŋőľ ćëèě áåěňě áćőďĺâáï ł ğăďăçě ő âőçŋőľ łőŋáâăŋâě K = ~Kα,α_n (τ, r), α = m − 3 2 ć ŋěàăćěŋáâćě ∞∑ k=n ρ_k ≤ K max_{0≤t≤τ} ∞∑ k=1 ρ_k{1 − ϕ^{α,α}_{2k} (t)}^r, ∞∑ k=1 ρ_k < ∞, ρ_k ≥ 0, k ≥ 1, ĺńĺ, âő ęě áăňőě, (áň. ŕěàćőě àăćěŋáâćő ć (0.2)) ć ŋěàăćěŋáâćě ∞∑ k=n ρ_k ≤ K max_{0≤t≤2τ} ∞∑ k=1 ρ_k{1 − ϕ^{α,−1/2}_k (t)}^r, ∞∑ k=1 ρ_k < ∞, ρ_k ≥ 0, k ≥ 1. Őâáîďă ĺ (2.2) áńěďãěâ áőőâŋőèěŋĺě

K^2_n(τ, r)_L2_(Pm�1_) = K^{α,−1/2}_n (2τ), α = m − 3 2 , ŕàĺ n, m ∈ N, m ≥ 3, τ > 0, r > 0, łőâőàőě ć áĺńã (2.4), (0.13) ĺ áńěďáâćĺï 1.2 ćńěçěâ ãâćěàęďěŋĺě Śńěďáâćĺě 8.1. Ŕãáâì n, m ∈ N, m ≥ 3, r > 0, τ ≥ min{π/2, x^{(m−3)/2,−1/2}n }. Šőčďă ďńï

ńîąőľ äãŋłæĺĺ f ∈ L^2(P^{m−1}) áŕàăćěďńĺćő ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă E_{n−1}(f) ≤ max{1, 2^{(1−r)/2}}ω_r(f, τ), ŕàĺçěň őŋő ïćńïěâáï âőçŋëň ďńï ŕàőĺğćőńìŋëå äĺłáĺàőćăŋŋëå n ∈ N ĺ r ≥ 1.

Řăááňőâàĺň áńãçăľ ŕàőěłâĺćŋőčő ŕàőáâàăŋáâćă P^{m−1}(C), m ≥ 3 ŋăď ŕőńěň C łőňŕńěłáŋëå çĺáěń. Ŕãáâì S^{m−1}(C) = {x ∈ C^m : |x| = 1} ěáâì ěďĺŋĺçŋăï áäěàă ŕàőáâàăŋáâćă C^m, ğďěáì |x| =^√x · x, x · y = x1y_1 + . . .xmy_m – áłăńïàŋőě ŕàőĺğćěďěŋĺě ćěłâőàőć x = (x1, . . ., xm), y = (y1, . . ., ym) ĺğ C^m. Šăł ęě, łăł ĺ ćëèě, ĺáŕőńìğãï ĺğćěáâŋãî (áň. [43], [29], [4]) ĺŋâěàŕàěâăæĺî P^{m−1}(C), ć âěàňĺŋăå łńăááőć íłćĺćăńěŋâŋőáâěľ ŋă ěďĺŋĺçŋőľ áäěàě S^{m−1}(C), ŕàőáâàăŋáâćő L^2(P^{m−1}(C)) ňőęŋő őâőęďěáâćĺâì á ŕőďŕàőáâàăŋáâćőň äãŋłæĺľ f ∈ L^2(S^{m−1}(C)), łőâőàëě ïćńïîâáï ”çěâŋëňĺ” ć áńěďãîéěň áňëáńě

f(x) = f(cx) ŕàĺ x ∈ S^{m−1}(C) ĺ c ∈ S^0(C). Šő ěáâì ňőęŋő áçĺâăâì, çâő

L^2(P^{m−1}(C)) = {f ∈ L^2(S^{m−1}(C)) : f(x) = f(cx), c ∈ C, |c| = 1}.

Ŕàőáâàăŋáâćő L^2(P^{m−1}(C)) àăğńăčăěâáï ć őàâőčăŋăńìŋãî ŕàïňãî áãňňã (áň. [4])

L^2(P^{m−1}(C)) = ∞∑ k=0 ⊕V_k łőŋěçŋőňěàŋëå ŕőďŕàőáâàăŋáâć Vk = Vk,m, dim Vk = ( m + k − 1 k )_2 − ( m + k − 2 k − 1 )_2

ňŋő-

čőçńěŋőć q(x) = q(x1, x2, . . ., xm, x1, x2, . . ., xm) őďŋőàőďŋëå áâěŕěŋĺ k łăł őâŋőáĺâěńìŋő ŕěàěňěŋŋëå x1, x2, . . ., xm, âăł ĺ őâŋőáĺâěńìŋő áőŕàïęěŋŋëå ŕěàěňěŋŋëå x1, x2, . . ., xm, ĺ čăàňőŋĺçěáłĺå ć âőň áňëáńě, çâő m∑ l=1 ∂^2q ∂x_l∂x_l = 0.

Šăłĺň őąàăğőň, łăęďăï äãŋłæĺï f ∈ L^2(P^{m−1}(C)) ěďĺŋáâćěŋŋëň őąàăğőň àăğńăčăěâáï ć áńěďãîéĺľ àïď Ťãàìě, áåőďïéĺľáï ł ŋěľ ć L^2(P^{m−1}(C)) f(x) = ∞∑ k=0 P_k f(x), P_kf ∈ V_k. Ŕőíâőňã ćěńĺçĺŋă ěě ŋăĺńãçèěčő ŕàĺąńĺęěŋĺï

E_{n−1}(f) = inf { ‖f − g‖ : g ∈ n−1∑ k=0 V_k }

ŕőàïďłă n − 1, n ∈ N, ãďőćńěâćőàïěâ àăćěŋáâćã

E^2_{n−1}(f) = ∞∑ k=n ‖P_kf‖^2. Ć àăąőâě Ć.Ĺ.Ĺćăŋőćă ĺ Ő.Ĺ.Śňĺàŋőćă [47, á.101] (áň. âăłęě [48, á.100]) ďőłăğăŋő, çâő őŕěàăâőà áàěďŋěčő ğŋăçěŋĺï (áň. [49, čń.1, § 4]) (ăŋăńőč őŕěàăâőàă Mt, áň. (8.3)) ďńï äãŋłæĺľ, ğăďăŋŋëå ŋă łőňŕăłâŋëå áĺńìŋő őďŋőàőďŋëå (ĺńĺ, çâő âőęě áăňőě, ďãåâőçěçŋőőďŋőàőďŋëå ĺńĺ ďćăęďë őďŋőàőďŋëå) ňěâàĺçěáłĺå ŕàőáâàăŋáâćăå, ćëàăęăěâáï çěàěğ ğőŋăńìŋëě áäěàĺçěáłĺě äãŋłæĺĺ. Ć çăáâŋőáâĺ, ãçĺâëćăï ïćŋőě ćëàăęěŋĺě ğőŋăńìŋëå áäěàĺçěáłĺå äãŋłæĺľ ŋă P^{m−1}(C) (áň. [37], [29], [4]) çěàěğ ňŋőčőçńěŋë §łőąĺ R^{m−2,0}_k , ŕőńãçăěň, çâő ãłăğăŋŋëľ őŕěàăâőà áàěďŋěčő ğŋăçěŋĺï ć ŕàőáâàăŋáâćě L^2(P^{m−1}(C)) íłćĺćăńěŋâěŋ áńěďãîéěňã őŕěàăâőàã őąőąéěŋŋőčő áďćĺčă U_tf(x) = ∞∑ k=0 R^{m−2,0} k (cos 2t)P_kf(x) , t ∈ [0, π 2 ].

Ďăńěě, ŕő ăŋăńőčĺĺ á âěň, łăł íâő ãęě ďěńăńőáì àăŋìèě, ŋă őáŋőćě őąőąéěŋŋőčő áďćĺčă őŕàěďěńïîâáï àăğŋőáâŋëľ őŕěàăâőà ŕőàïďłă r > 0 á èăčőň t ∈ [0,^π_2 ] ĺ áőőâćěâáâćãîéĺľ ňőďãńì ŋěŕàěàëćŋőáâĺ äãŋłæĺĺ f ∈ L^2(P^{m−1}(C)), łőâőàëľ ňë ąãďěň őąőğŋăçăâì âăłęě çěàěğ ωr(f, t). Ğăâěň, á ŕőňőéìî âěőàěňë 1.1, ŕőńãçăěň

Śńěďáâćĺě 8.2. Ŕãáâì m = 3, 4, . . ., n ≥ max^{2,^{m − 2}_2^} , r ≥ 0. Šőčďă ďńï ńîąőľ äãŋł-

æĺĺ f ∈ L^2(P^{m−1}(C)) áŕàăćěďńĺćő ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă E_{n−1}(f) ≤ max{1, 2^{(1−r)/2}}ω_r(f, x^{m−2,0}_n ), ŕàĺçěň őŋő ïćńïěâáï âőçŋëň ďńï ńîąëå äĺłáĺàőćăŋŋëå n ≥ max { 2, m − 2 2 } ĺ r ≥ 1. Ĺğ ãâćěàęďěŋĺľ, áőďěàęăéĺåáï ć àăąőâăå [47], [48], [37] áńěďãěâ, çâő ŋăàïďã á ãłăğăŋŋëňĺ ćëèě âàěňï ćăęŋëňĺ ŕàĺńőęěŋĺïňĺ çăáâŋëå áńãçăěć âěőàěňë 1.1, őâŋőáïéĺåáï ł ŋěàăćěŋáâćăň Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćăå L^2_{(m−3)/2,(m−3)/2}, L^2_{(m−3)/2,−1/2},

L^2_{m−2,0}, m = 2, 3, . . . ĺňěîâáï, ŕő łàăľŋěľ ňěàě, ěéě ďćă. Ă ĺňěŋŋő, ł ğăďăçăň ő

łőŋáâăŋâăå Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćăå L^2_{m−1,1}, m = 2, 3, . . . ĺ L^2_{7,3} áćőďïâáï áőőâćěâáâćěŋŋő ăŋăńőčĺçŋëě ğăďăçĺ ć ŕàőáâàăŋáâćăå L^2(P^{4m}(H)), m = 2, 3, . . . ĺ

L^2(P^{16}(Cay)). Ğďěáì P^{4m}(H) ěáâì ŕàőěłâĺćŋőě ŕàőáâàăŋáâćő ŋăď âěńőň łćăâěàŋĺőŋőć H = {x_0 + x_1i + x_2j + x_3k : x_ν ∈ R}, P^{16}(Cay) – ŕàőěłâĺćŋăï ŕńőáłőáâì Łíńĺ. Ćěàåŋĺě

ĺŋďěłáë 4m ĺ 16 őąőğŋăçăîâ ćěéěáâćěŋŋãî àăğňěàŋőáâì áőőâćěâáâćãîéĺå ňŋőčőőąàăğĺľ.

Śŕĺáőł æĺâĺàőćăŋŋőľ ńĺâěàăâãàë

[1] Ąăąěŋłő Ă.Č. Šőçŋőě ŋěàăćěŋáâćő Ďęěłáőŋă–Śâěçłĺŋă ć ŕàőáâàăŋáâćě L^2 äãŋłæĺľ ŋă ňŋőčőňěàŋőľ áäěàě // Ňăâěň. ğăňěâłĺ, 1996. Š.60, ć.3. Ś.333–355.

[2] Ąăąěŋłő Ă.Č. Šőçŋőě ŋěàăćěŋáâćő Ďęěłáőŋă ć ŕàőáâàăŋáâćě L2 á ćěáőň §łőąĺ // Ňăâěàĺăńë ňěęďãŋăàőďŋőľ łőŋäěàěŋæĺĺ ĺ Ůěąëèěćáłĺå çâěŋĺľ, ŕőáćïéěŋŋëå 175- ńěâĺî áő ďŋï àőęďěŋĺï Ŕ.Ń.Ůěąëèěćă. Š.1. Ň.: ĺğď-ćő ŇČŞ, 1996. Ś.40–43.

[3] Śěčě Č. Őàâőčőŋăńìŋëě ňŋőčőçńěŋë. – Ň.: Ťĺğňăâčĺğ. 1962, 500 á. [4] Ńěćěŋèâěľŋ Ć.Ĺ. Čàăŋĺæë ďńï ãŕăłőćőł ňěâàĺçěáłĺå ŕàőáâàăŋáâć ĺ ŋěłőâőàëě ĺå ŕàĺńőęěŋĺï // Ŕàőąńěňë łĺąěàŋěâĺłĺ. 1983. Š.40. Ś.44–110.

[5] Löfstrëm J., Peetre J. Approximation Theorems Connected with Generalized Translations // Math. Ann. 1969. V.181. PP. 255–268.

[6] Grünwald A.K. Uber óbegrenzteô Derivationen und deren Anwendung // Z. angew.

Math. und Phys. 1867, bd.12. S. 441-480.

[7] Ńěâŋĺłőć Ă.Ć. Šěőàĺï ďĺääěàěŋæĺàőćăŋĺï á ŕàőĺğćőńìŋëň ãłăğăâěńěň // Ňăâěň.

áą. 1868. Š.3. Ś.1-68.

[8] Śăňłő Ś.Č., Łĺńąăá Ă.Ă., Ňăàĺçěć Ő.Ĺ. Ĺŋâěčàăńë ĺ ŕàőĺğćőďŋëě ďàőąŋőčő ŕőàïďłă ĺ ŋěłőâőàëě ĺå ŕàĺńőęěŋĺï. Ňĺŋáł: Ŋăãłă ĺ âěåŋĺłă, 1987. 688 á.

[9] Řãáâăňőć Ţ.Ŕ. Ő ŕàĺąńĺęěŋĺĺ äãŋłæĺľ ŋă áäěàě // Ĺğćěáâĺï Ăłăďěňĺĺ ŋăãł, áěàĺï ňăâěň. 1993. Š.57, N 5. Ś.127–148.

[10] Řãáâăňőć Ţ.Ŕ. Ňőďãńĺ čńăďłőáâĺ ćëáèĺå ŕőàïďłőć, áćïğăŋŋëě á àăğńőęěŋĺěň Ťã-

àìě – §łőąĺ, ĺ ŕàĺąńĺęěŋĺě äãŋłæĺľ ăńčěąàăĺçěáłĺňĺ ňŋőčőçńěŋăňĺ // ĎĂŊ. 1995. Š.344, N 5. Ś.593–596.

[11] Śâěçłĺŋ Ś.Ą. Ő ŕőàïďłě ŋăĺńãçèĺå ŕàĺąńĺęěŋĺľ ŋěŕàěàëćŋëå äãŋłæĺľ // Ĺğć.

ĂŊ ŚŚŚŘ, áěàĺï ňăâěň. 1951. Š.15. Ś.219–242.

[12] Ŕőâăŕőć Ň.Ł. Ő ŕàĺąńĺęěŋĺĺ ăńčěąàăĺçěáłĺňĺ ňŋőčőçńěŋăňĺ ć ĺŋâěčàăńìŋőľ ňě-

âàĺłě á ćěáőň §łőąĺ // Ćěáâŋ. Ňőáł. Şŋ-âă. Śěà. 1. Ňăâěň., ňěåăŋ., 1983, N 4. Ś.43-52.

[13] Ůěàŋëå Ŋ.Ĺ. Ő ŋăĺńãçèěň ŕàĺąńĺęěŋĺĺ ŕěàĺőďĺçěáłĺå äãŋłæĺľ âàĺčőŋőňěâàĺçě-

áłĺňĺ ŕőńĺŋőňăňĺ ć L2 // Ňăâěň. ğăňěâłĺ. 1967. Š.2, ć.5. Ś.513–522.

[14] Ůěàŋëå Ŋ.Ĺ. Ő ŋěàăćěŋáâćě Ďęěłáőŋă ć L_2 // Šàãďë ŇĹ ĂŊ ŚŚŚŘ. 1967. Š.88.

Ś.71–74.

[15] Arestov V.V., Chernykh N.I. On the L_2-approximation of periodic functions by trigonometric polynomials // In: Approximation and functions spaces.– Proc. Conf. Gdan^′sk, 1979.– Amsterdam: North-Holland, 1981. PP.25–43.

[16] đďĺŋ Ć.Ă. Ňŋőčőňěàŋăï âěőàěňă Ďęěłáőŋă ć L_2 // Ňăâěň. ğăňěâłĺ. 1981. Š.29, ć.2.

Ś.309–315.

[17] Ŕőŕőć Ć.đ. Ő âőçŋëå łőŋáâăŋâăå ć ŋěàăćěŋáâćăå Ďęěłáőŋă ďńï ŋăĺńãçèĺå áäě-

àĺçěáłĺå áàěďŋěłćăďàăâĺçŋëå ŕàĺąńĺęěŋĺľ // Ĺğć. ćãğőć. Ňăâěňăâĺłă. 1981. N 12. Ś.67–78.

[18] Ŕőŕőć Ć.đ. Ňŋőčőňěàŋëě ŕàĺąńĺęěŋĺï ć L_2(T_m) // Šěőàĺï äãŋłæĺľ ĺ ŕàĺąńĺęě-

ŋĺľ. – Šàãďë 3-ľ Śăàăâőćáłőľ ğĺňŋěľ Ÿłőńë (27 ïŋćăàï – 7 äěćàăńï 1986 č.) Ňěęćãğőćáłĺľ ŋăãçŋëľ áąőàŋĺł. Ů.3.– Śăàăâőć: Śăàăâőćáłĺľ ãŋĺćěàáĺâěâ, 1988. Ś.22–25.

[19] Ŕőŕőć Ć.đ. Ŕàĺąńĺęěŋĺě ŋă áäěàě ć L_2 // ĎĂŊ ŚŚŚŘ. 1988. Š.301, N 4. Ś.793–797.

[20] Ąăąěŋłő Ă.Č. Ő âőçŋőľ łőŋáâăŋâě ć ŋěàăćěŋáâćě Ďęěłáőŋă ć L^2 // Ňăâěň. ğăňěâłĺ.

1986. Š.39, ć.5. Ś.651–664.

[21] Ąăąěŋłő Ă.Č. Ő ŋěàăćěŋáâćě Ďęěłáőŋă ć ŕàőáâàăŋáâćě L^2 // Ăŕŕàőłáĺňăæĺï ć łőŋ-

łàěâŋëå ĺ ăąáâàăłâŋëå ąăŋăåőćëå ŕàőáâàăŋáâćăå. Śćěàďńőćáł: ŞŊŰ ĂŊ ŚŚŚŘ, 1987. Ś.4–14.

[22] Ÿăńăěć Ć.Ć. Ő ŕőŕěàěçŋĺłăå ć L_2 łńăááőć ďĺääěàěŋæĺàãěňëå äãŋłæĺľ, őŕàěďěńï-

ěňëå ňőďãńïňĺ ŋěŕàěàëćŋőáâĺ ćëáèĺå ŕőàïďłőć // Şłàăĺŋáłĺľ ňăâěň. ęãàŋ. 1991. Š.43, N 1. Ś.125–129.

[23] Ÿăłěŋőćă Ň.Ę. Ő âőçŋőň ŋěàăćěŋáâćě ňěęďã ŋăĺńãçèĺňĺ ŕàĺąńĺęěŋĺïňĺ ĺ ňő-

ďãńěň čńăďłőáâĺ ŕőńőęĺâěńìŋőčő ŕőàïďłă ć Lp[0, 2π]^2 // Ŕàĺňěŋěŋĺě ňěâőďőć âěőàĺĺ äãŋłæĺľ ĺ äãŋłæĺőŋăńìŋőčő ăŋăńĺğă ł ğăďăçăň ňăâěňăâĺçěáłőľ äĺğĺłĺ. Šěğ. ďőłń.– Ăńňăâë, 1993. Ś.178–179.

[24] Ăàěáâőć Ć.Ć., Ŕőŕőć Ć.đ. Ŋěàăćěŋáâćő Ďęěłáőŋă ŋă áäěàě L_2 // Ĺğćěáâĺï ćãğőć.

Ňăâěňăâĺłă. 1995. N 8 (399). Ś.13–20.

[25] Ĺćăŋőć Ć.Ĺ., Śňĺàŋőć Ő.Ĺ. Ő âěőàěňě Ďęěłáőŋă ć ŕàőáâàăŋáâćě l_2(Z^n_2 ) // Ňăâěň.

ğăňěâłĺ. 1996. Š.60, N 3. Ś.390–405.

[26] Gorbachev) Čőàąăçěć Ď.Ć. Šőçŋëě łőŋáâăŋâë Ďęěłáőŋă ŋă čàãŕŕě SU(2) // Ăńčěąàă

ĺ ăŋăńĺğ. Šěğĺáë ďőłńăďőć èłőńë-łőŋäěàěŋæĺĺ, ŕőáćïéěŋŋőľ 100-ńěâĺî áő ďŋï àőęďěŋĺï Ą.Ň.Čăčăěćă (16–22 ĺîŋï 1997 č., č.Łăğŋì). Łăğăŋì: ĺğď-ćő Łăğăŋáłőčő ňăâěň. őą-ćă, 1997. Ś.61–63.

[27] Śňĺàŋőć Ő.Ĺ. Ő łőŋáâăŋâăå Ďęěłáőŋă ć ŕàőáâàăŋáâćě l_2(Z^n_2 ) // Ăńčěąàă ĺ ăŋă-

ńĺğ. Šěğĺáë ďőłńăďőć èłőńë-łőŋäěàěŋæĺĺ, ŕőáćïéěŋŋőľ 100-ńěâĺî áő ďŋï àőęďěŋĺï Ą.Ň.Čăčăěćă (16–22 ĺîŋï 1997 č., č.Łăğŋì). Łăğăŋì: ĺğď-ćő Łăğăŋáłőčő ňăâěň. őą-ćă,

1997. Ś.199–200.

[28] Ďěńìáăàâ Ť. Ăńčěąàăĺçěáłĺľ ŕőďåőď ł áåěňăň őâŋőèěŋĺľ âěőàĺĺ łőďĺàőćăŋĺï. Ň.:

Ňĺà, 1976.

[29] Łăąăâïŋáłĺľ Č.Ă., Ńěćěŋèâěľŋ Ć.Ĺ. Ő čàăŋĺæăå ďńï ãŕăłőćőł ŋă áäěàě ĺ ć

ŕàőáâàăŋáâćě // Ŕàőąńěňë ŕěàěďăçĺ ĺŋäőàňăæĺĺ. 1978. Š.14, ćëŕ.1. Ś.3–25.

[30] Odlyzko A.M., Sloane N.J.A. New bounds on the number of unit spheres that can touch a unit sphere in n dimensions // J. of Combinatorial Theory, Series A 26. 1979. P.210–214.

[31] Łőŋćěľ Ďę., Śńőíŋ Ŋ. Şŕăłőćłĺ èăàőć, àěèěâłĺ ĺ čàãŕŕë. Š.1,2. Ň.: Ňĺà, 1990.

791 á.

[32] đďĺŋ Ć.Ă. Ŋĺęŋĺě őæěŋłĺ ďńï áäěàĺçěáłĺå ďĺğăľŋőć // Ĺğćěáâĺï ĂŊ ŚŚŚŘ. Śěàĺï

ňăâěň. 1987. Š.61, N 3. Ś.213–223.

[33] Śâěçłĺŋ Ś.Ą. Ő ŋãńïå ďğěâă-äãŋłæĺĺ Řĺňăŋă // Ňăâěň. ğăňěâłĺ. 1970. Š.8, ćëŕ.4.

Ś.419–429.

[34] Ăàěáâőć Ć.Ć. Őą íłáâàěňăńìŋëå áćőľáâćăå ŋěőâàĺæăâěńìŋëå âàĺčőŋőňěâàĺçěáłĺå

ŕőńĺŋőňőć // Šà. Ĺŋ-âă ňăâěň. ĺ ňěå. ŞàŐ ŘĂŊ, 1992. Š.1. Ś.50–70.

[35] Gasper G. Positivity and the convolution structure for Jacobi series // Ann. of Math.

1971. V.93. PP.112-118.

[36] Gasper G. Banach algebras for Jacobi series and positivity of a kernel // Ann. of Math.

1972. V.95. PP.261-280.

[37] Koornwinder T. The addition formula for Jacobi polynomials and spherical harmonics // SIAM J. Appl. Math. 1973. V.25, N 2. PP.236-246.

[38] Koornwinder T. Jacobi polynomials, II. An analytic proof of the product formula // SIAM J. Math. Anal. 1974. V.5, N 1. PP.125-137.

[39] Gasper G., and Trebels W. Multiplier criteria of Marcinkiewicz type for Jacobi expansions // Trans. Amer. Math. Soc. 1977. V.231, N 1. PP.117-132.

[40] Ÿăŕĺàő Ř.Ń. Śŕěæĺăńìŋëě äãŋłæĺĺ, áćïğăŋŋëě á ŕàěďáâăćńěŋĺěň čàãŕŕë SU(n)

łńăááă I őâŋőáĺâěńìŋő SU(n − 1) ((n − 1) ≥ 3) // Ĺğćěáâĺï ćãğőć. Ňăâěňăâĺłă. 1968.

N 4 (71). Ś.97–107.

[41] Le Gendre A.M. Exercices de calcul intégral sur divers ordres de transcendantes et sur les quadratures. T.2. Paris, 1817.

[42] Ćăâáőŋ Č.Ŋ. Šěőàĺï ąěááěńěćëå äãŋłæĺľ. Ů.1 – Ň.: ĹŃ, 1949. 798 á.

[43] Ragozin D.L. Constructive polynomial approximation on spheres and pojective spaces// Transactions of the Amer. Math. Soc. 1971. V.162. PP. 157-170.

[44] Ŋĺłőńìáłĺľ Ś.Ň., Ńĺğőàłĺŋ Ŕ.Ĺ. Ăŕŕàőłáĺňăæĺï äãŋłæĺľ ŋă áäěàě // Ĺğćěáâĺï

ĂŊ ŚŚŚŘ. Śěàĺï ňăâěň. 1987. Š.51, N 3. Ś.635–651.

[45] Ťěďőàőć Ć.Ň. Ŕàĺąńĺęěŋĺě äãŋłæĺľ ŋă áäěàě // Ćěáâŋ. Ňőáł. Şŋ–âă. Śěà. 1, Ňă-

âěňăâĺłă. Ňěåăŋĺłă. 1990. N 1. Ś.15–23.

[46] Ŕńăâőŋőć Ś.Ś. Ő âěőàěňăå ďęěłáőŋőćáłőčő âĺŕă ŋă łőňŕăłâŋőň áĺňňěâàĺçěáłőň

ŕàőáâàăŋáâćě àăŋčă 1 // ĎĂŊ. 1997. Š.353, N 4. Ś.445–448.

[47] Ĺćăŋőć Ć.Ĺ., Śňĺàŋőć Ő.Ĺ. Łőŋáâăŋâë Ďęěłáőŋă ć ŕàőáâàăŋáâćăå L_2 ŋă ňěâàĺçě-

áłĺå łőňŕăłâăå// Ĺğćěáâĺï Šãńìáłőčő čőáãďăàáâćěŋŋőčő ãŋĺćěàáĺâěâă. Śěàĺï Ňăâěňăâĺłă. Ňěåăŋĺłă. Ĺŋäőàňăâĺłă. 1996. Š.2. Ćëŕãáł 1. Ś.93–118.

[48] Ĺćăŋőć Ć.Ĺ. Łőŋáâăŋâë Ďęěłáőŋă ć ŕàőáâàăŋáâćăå L_p ŋă ňěâàĺçěáłĺå łőňŕăłâăå//

Ăńčěąàă ĺ ăŋăńĺğ. Šěğĺáë ďőłńăďőć èłőńë-łőŋäěàěŋæĺĺ, ŕőáćïéěŋŋőľ 100-ńěâĺî áő ďŋï àőęďěŋĺï Ą.Ň.Čăčăěćă (16–22 ĺîŋï 1997 č., č.Łăğŋì). Łăğăŋì: ĺğď-ćő Łăğăŋáłőčő ňăâěň. őą-ćă, 1997. Ś.98–101.

[49] Ţěńčăáőŋ Ś. Čàãŕŕë ĺ čěőňěâàĺçěáłĺľ ăŋăńĺğ. – Ň.: Ňĺà, 1987. 735 á.

Ĺŋáâĺâãâ ňăâěňăâĺłĺ ĺ ňěåăŋĺłĺ Şàăńìáłőčő őâďěńěŋĺï ŘĂŊ

620219, Ěłăâěàĺŋąãàč, ČŚŔ–384, ãń. Ś. Łőćăńěćáłőľ, 16.

Šěńěäőŋ: (34–32) 49–32–35 (áńãęěąŋëľ). Ťăłá: (34–32) 74–25–81.

E-mail: Alexander.Babenko@imm.uran.ru

Ąăąěŋłő Ăńěłáăŋďà Čàĺčőàìěćĺç