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Preamble




Sport car on the ground floor near this place

[

[ This is not
// a Dubins car

B TexHMOHe Ha NepBOM 3TarKe OA4HOro U3 34aHUM CTOUT CNOPTMBHAA MallMHa.
Ho 3710 He “malwmnHa AybuHca”.

You can see a sport car on the ground floor near this place.

But we must say that it is not a “Dubins car”.




Why is not the Dubins car ?

/ May be
‘/ the reason
is that one wheel
Is absent ?

No.

Mo»HO nogymaTb, YTO NPUYNHA B TOM, YTO OAHO KONECo oTcyTcTByeT. Her.
MpPOCTO 3TO 0OYEHb CNOXKHAA KOHCTPYKLUMS.

You can think that the reason is that one wheel is absent. No.
Simply, it is a very complicated mechanism.



What is the Dubins car?

Pasuel|eno Ha hitp://MacTepox xk.pd.

These are Dubins cars

Dubins car is the simplest model for a description of various moving objects
(aircraft, automobile, ship, unmanned vehicle ...)

YcTponcTBo Ha 1eBom GOTO H6nKe K NOHATMIO “MalumnHa ybuHca”.
Ho ewwé 6aunxe Koneco Ha NPaBOM PUCYHKe.

A device in the left photo is closer to the “Dubins car”.

In the right picture, a wheel is much closer.



Pioneers

1. Markov, A.A. (1889) A few examples of
solving special problems on the largest and
smallest values. The communications of the
Kharkov mathematical society, ser. 2, vol. 1,
issue 2, pp. 250 — 276 (in Russian)

2. lIsaacs, R. (1951) Games of pursuit. Scientific
report of the RAND Corporation, Santa
Monica

3. Dubins, L.E. (1957) On curves of minimal
length with a constraint on average curvature
and with prescribed initial and terminal
positions and tangents. American Journal of
Mathematics, vol. 79, no. 3, pp. 497 — 516

These are those about whom we must say when we try to remember the history of this subject

Tpoe y4é€HbIX, KOTOPbIM Mbl 40/I*KHbI MOKNOHUTLCA, KOrA4a rOBOPUM O AaHHOM
TemaTtuke: A.A.MapkKos, P.Ansekc, J1.[ybuHc.

Here are three great names for our topic: A.A.Markov, R.Isaacs, and L.Dubins.
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[NnaBHaA uenb AoKNaga — uccnegoBaHue TPEXMEPHOrO MHOMKECTBA
AOCTUXKMMOCTM B MOMEHT A1 MaluHbl [ybuHca.

The topic of our talk is a three-dimensional reachable set at given instant
for the Dubins car.



Dubins car dynamics

The controlled object in the plane ', y: A y
xr = COSy, Qe (—OO, —|—OO) V
y = sing,
© = u, u € [ug, us], up < us.
Here, T, 1 are geometric coordinates, Q
¥ is an angle of velocity heading, e
U is a control. / >

The magnitude of linear velocity is equal to 1.

Coordinate system
We suppose that 2 = 1.

A

Initial position

Final position

3aecb NnpuBeaeHa B HOPMUPOBAHHbIX KOOPAMHATaX AMHAMMKa MalunHbl [lybuHca.
YnpasneHune U BblbupaeTca n3 3a4aHHOro NnpomekyTka [Ui, Us].

Monaraem, yto Uz = 1. Yron @ n3meHAeTCA B NPOMEXKYTKe (—oo, +00).

We consider the dynamics of Dubins car in normalized coordinates.

The control U is restricted by the constraint [ui, U;]. We suppose that U, = 1.
The angle ¢ is in the interval (—oo, +0).




3D-Reachable set at instant t;

X = COSp, |u|<l. (symmetric case) y \%
= Singp, ueluy,1],
y 4 [ 1 ] (asymmetric case) P
® = U, U €(=1,0) X
................................................ 7

uefug, 1], (case with

unidirectional @-sections of reachable set
U [0, 1)- constraint of rotation)

Reachable set at instant t;:

X(tf)
G(ts)=Y | y(ts)
"Ol o(tr)

ble set up to instant t;:

MHOeCTBO AOCTUKMMOCTU €CTb COBOKYMHOCTb BCEX BO3MOMHbIX COCTOAHMW PACCMATPUBAEMOWM CUCTEMbI, MOJyYaeMbIX B
MOMeHT instant t; is equal n3 HyneBoro HayanbHOro ¢$a3oBOro COCTOAHWUA B Ha4ya/ibHbIM MOMeEHT tp = 0 npu nepebope Bcex

A0NYCTUMbIX NPOrPaMMHbIX ynpaBaeHun. NoavyépKmBaem, YTO pevb MAET O MHOXKECTBE AOCTMXMMOCTM “B MOMEHT”, a He °

‘K
MOMeHTY”. Mbl BBOAMM MOHATUE (@ -CEYEHUA MHOMKECTBA AOCTUXMMOCTH.

A reachable set is a collection of all phase states of the system at the given instant t;. The initial instant to=0. The initial phase

state is equal to zero. Underline that we speak about reachable set “at instant”, but not “till (or up to) instant”. We consider the
notion ¢ -section of the reachable set.



Pontryagin's Maximum Principle

It isknown [ Lee, E.B., Markus, L.] that controls that carry a system onto
the reachable set boundary satisfy the Pontryagin’s Maximum Principle (PMP).

Let u*(-) besome admissible control and v =0
1~ Y

‘/./2 =0,
4=, Sing* —w,Ccosp*.

(X(), Y'(), ()" be the corresponding motion
of Dubins car on the interval [ty,t;]. /

Differential equations for the adjoint system :

The PMP means that a nonzero solution (w5 (-), w5(),w3(-))" of the adjoint system exists,
for which almost everywhere (a.e.) on the interval [ty, t; ], the following condition issatisfied :

w1 () Cosg"(t) +y3(t)cose™(t) +ws(t)u’(t) = max [V/f(t)COSw*(t) +y5(t)cose’(t) +y3(t)u ]

uelug, uy

S Ut = max |yl ae tefty ]

ueluy, uy ]

N3BecTHO, YTO ynpaB/eHUA, BeAyLMe CUCTEMY Ha FPaHuLLy MHOXKEeCTBa
AOCTUXKMMOCTU, YA0BNAETBOPAIOT NPUHLMUNY MakcMMyma [MoHTpArnHa.
N3 aTOro ¢pakrta MoXKHO U3BAE€Yb MHOTO NOJ1IE3HbIX CBOUCTB.

It is known that motions carrying the system onto the boundary of a
reachable set satisfy the Pontryagin’s Maximum Principle.

And we can take many useful properties from it.




Types of motions (trajectories (X*(-), y*("))

y Y

i,

u

an example with u; =-0.5 an example with u; =0 an example with u; =0.5
cases with unidirectional

turning constraint (u; >0) —

asymmetric case (u; <0)

34ecb NoKasaHbl TUMNbI ABUXKEHUIN, YA0BNAETBOPAOLWMX NPUHLMNY MaKcuMyma. CneBa BUAUM ABUNKEHUA AN HECUMMETPUYHOIO
cny4as, Korga Ui < 0. B cepeanHe — aBuKeHuns ana caydas Ui =0. U B TOm, U B APYrom C/ly4asix BOSMOXKHbI MPAMOIMHENHblE
ABUKeHUA. B npaBoi KONOHKe MoKasaHbl ABUXKeHua ana Ui > 0. B aTom cnydae NpAMONMHENHbIE ABUMKEHUA HEBO3MOXKHbI.
These are types of motions satisfying the Pontryagin’s Maximum Principle. At the left, one can see motions for the asymmetric
case where U1 <0. In the middle, motions are shown for the case where Ui = 0. In both cases, it is possible to move in a straight
line. At the right, there are motions for the case ui > 0. Here, a motion along a straight line is impossible.



Reachable set G(t;) for the symmetric case

4)-1,0,-1 2)-1,0, 1 ty =1.57
6)

6)-1,1,-1

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear
control system. Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328

Ha sTom cnhanae nokasaHo ¢ ABYX PaKypPCOB MHOMECTBO AOCTUXMUMOCTM ana tr = 1.57
B CMMMETPUYHOM cCayyae. BO3MOXKHbI LWeCTb BapMaHTOB YNpPaBAEHWUN, BeayLmX

ABVMKEHME Ha FPaHULLy MHOMEeCTBa AOCTUMMMOCTM. ITO Halll CTapbl pe3ynbTar.

In this slide, we see the reachable set for the symmetric case from two points of view.
The instant t; is equal to 1.57. Six variants of controls carrying the system onto the

boundary of a reachable set are possible. This is our old result.



Evolution of reachable set in the symmetric case

34ecb Mbl BUAMM Pa3BUTUE MHOMKECTBA AO0CTUXMMOCTU BO BPEMEHMW.
BHelHe 3TO NOX0XKe Ha pPa3BUTUE PAKOBUHDI YIUTKU.

Here, one can see an evolution of the reachable set in time.

This is similar to the development of a snail shell.



Reachable sets with ¢ computed by modulo 2x
In the symmetric case

34ecb NOKa3aHbl ABa MHOXeCTBA AOCTUXKMMOCTU B CUTYaLUN,
KOorga yron @ BblMUCAAETCA MO MOAYHO 2T.

These are the pictures of two reachable sets where
the angle ¢ is computed by modulo 2.



Reachable sets in an asymmetric case

uel[-0.25, 1]

4)-0.25, 0, -0.25 2)-0.25,0, 1

Fedotov A. A., Patsko V. S., Turova V. L. (2011) Reachable sets for simple models of car motion.

Ed.by A.V. Topalov. Rijeka: InTech Open Access Publisher, pp. 147-172

Ha atom cnarige mbl BUAMM Ba MHOXKECTBA AOCTUKMMOCTU AN
HEeCMMMETPUYHOrO CayYasn, Korga U; =-0.25.

In this slide, we see two reachable sets for the asymmetric case
where u; =-0.25.




3D-Printing

Starodubtsev, I.S., Fedotov, A A,
Averbukh, V.L., Patsko, V.S. (2016)
Reachable sets for Dubins car in control
problems: Physical visualization
24th International Conference in Central
Europe on Computer Graphics,
Visualization and Computer Vision.

WSCG 2016, Posters Proceedings,
Plzen, Czech Republic, pp. 49-52

Example of a stable support during printing
for the reachable set

Reachable sets at instant for t, = 2r, 3n, 4n Reachable set at instant for t; = 5z

(symmetric case) (asymmetric case)

N.CTapoaybLeB 13 Hallero MHCTUTYTa HaneyaTasa MHOMECTBO AOCTUXMMOCTU
npu nomowm 3D-npuHTEepa. O4YeHb BaXKHbIM ABASETCS BbIOOP KOHCTPYKLNM
YyCTOMYMBOW NOAAEPHKKN BO BPEMS NeyaTw.

|.Staridubtsev from our Institute printed reachable sets with the help
of a 3D-printer. The very important thing is a stable support during printing.



Case u,=0
(it Is allowed to move In a straight line)

Two variants of controls carrying Convexity of ¢-sections
the motion onto the boundary

Thus, we have adescription of the ¢-sections of the reachable set that actually
represents either a circular segment (for ¢ <2x) or an entire circle (for ¢ >2r).

B cnyyae, Korga U = 0, Mbl MMeeM ABa BapuaHTa yrnpaBaeHUi, NpUBOAALLNX CUCTEMY
Ha rPaHMLYy MHOXeCTBa AOCTMXMMOCTU. Kaxkaoe @-ceveHue ecTb MbO Kpyr, iM60
KpYrosow cermeHT. Takum o6pasom, @ -ceveHus SBAAOTCA BbIMYK/AbIMU MHOMXKECTBAMM.

In the case uU; =0, we have two variants of controls, carrying the system onto the
boundary of the reachable set. Each ¢@-section is a circle or a circular segment.
So, the ¢@-sections are convex.



Case u,>0
(it is not allowed to move in a straight line)

Convexity
of @-sections.
It is proved
for the case
t < 2m.

Examples for
u,=0.5, u,=1

Two variants of controls carrying the motion
onto the boundary: (u,, u,, u,); (u,, uy, u,)

[Ona cnyyan, korga Ui >0, BbINYKNOCTb @ -CEYEHUI A0Ka3aHa
npu ycnosumn tr < 21. Mbl yBepeHbl, YTO CBOMCTBO BbINYKAOCTU @ -CEYEHUN
MMEET MeCTO U Npu B6ONbLINX 3HAYEHUsX tr.

In the case where U; >0, itis proved that ¢ -sections are convex if t; < 21m.
We believe that the convexity of ¢-sections occurs for greater instants also.




Case u,>0 . The number of control switches

The estimate from above for the number of switches
of the control carrying onto the boundary of the reachable set :

f tf.u2 ) .
; if t;-uy is multiple to 2m,
T .
<
£
2 [ ! u2] + 2, otherwise.
X 27

[...] is the integer part of a real number

34ecb BbINMCAHA OLUEHKA CBEPXY YMCNA NEPEKIOYEHUN YNPaBAEHUS,
BEeAYLLEro Ha rpaHuLy MHOXeCTBa AOCTUKNUMOCTH.

This is the estimate from above for the number of switches
of a control carrying the system onto the boundary of a reachable set.



Cases u,=0 and u,>0. Applications?

We don't know about it surely.
But there are investigations concerning aircraft landing problems
with failed engines and ailerons. May be there?

T —r e — Crew 3 run 6 dir NM2W3D3/A3.2/(KCAO 02} The Emergency
' ‘ ‘ Landing Planner
S, | Experiment
_ KLHX 08 KLHX 26 (2011)
% — N. Meuleau,
N C. Neukom,
Pra— C. Plaunt,
( ' D.E. Smith, and
\. T. Smithy
Intelligent Systems
Division
NASA Ames
Research Center,
California

~
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Choi H. Time-Optimal Paths for a Dubins Car and Dubins Airplane with a Unidirectional Turning
Constraint: Dissertation for the degree of Doctor of Philosophy / University of Michigan, 2014. 134 p.

YTO MOMKHO CKa3aTb O MPUMEHEHUMU ABUNKEHUW MalMHbl [lybuHca gns caydaa Up = 0 ? B HacTosAwee Bpems B UTepaType OMUCbIBAKOTCA UCC/ef0BaHuUA,
CBA3aHHble C BOMPOCAMM NOCAAKM CaMONETA NPU MOJSIHOM OTKase Asuratene u/uam npu NoBpPeKAEHHOM MexaHW3Me ynpaBaeHua 3nepoHamu. Mbl faém B
KayecTBe npumepa ABe CCbIIKU: guccepTauma u ctatbs ¢ caita NASA. lNpaBaa KapTUHKA B3ATa M3 3TOM CTaTbW. Korga camMoniéT Haxoau/ica B KPpacHOM TOYKe,
NUAOT OOHAPY)KMN 3aTPYAHEHWS C NpaBblM MOBOPOTOM. ABTOMATMYECKas CUCTeMa NOACKasana emy 3eNEHyl0 TpaekToputo. MUNoT peann3oBan YEPHYH
TPAEKTOPMIO, UCMOJIb3YHO TOJIbKO S1€BbLIN MOBOPOT.

What about applications of the case where u; 20 ? Nowadays, there are investigations concerning aircraft landing problems with failed engines and/or ailerons.
We give two references to this topic. Namely, these are PhD thesis and one paper on the site of NASA. The right picture is taken from this paper. In the red point,
a pilot discovered that the right turn is complicated. An automatic system recommends him the green trajectory. The pilot realized black trajectory with the left
turn only.
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3aecb nepevyncneHobl pammanm HEKOTOPbIX YY4EHBIX, PACCMATPMBABLUMX BaXKHble NPUKAagHble
npobaembl C MICNONb30BaHMEM MOAENN MalnHbl [lybuHca. Hanpumep, B pabotax T.Shima n
ero y4eHUKoB 6ecnu/IoTHbIe annapaTbl NepeaBUratoTca Kak malmnHbl [lybuHca.

These are some scientists who considered important applied problems with Dubins car.

By the way, many of unmanned vehicles in the papers by T.Shima and his pupils are moving
as Dubins cars.



