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Canaiin 1

Msr paboraem B Uncruryre maremaruku u mexanuku nmenn H.H.Kpacosckoro, ExarepunOypr, Poccus. Ha
dororpacdun — nearpanababiii Bxoa B Ham WucturyT. Ham jgokiar mocBsaien TpeéXMepHOMY MHOYKECTBY JIOCTH-
KUMOCTH JIId Mojiesin “Maruna /Jlyoumnca”’, a MMEHHO, aHAJTUTHICCKOMY OIHUCAHWIO MHOYKECTBA JIOCTUXKHUMOCTH.
“Reachable set” u “reachability set” — cunonuMBI 1151 HaC.

Slide 1

We work at the N.N.Krasovskii Institute of Mathematics and Mechanics, Yekaterinburg, Russia. The photo
shows the central entrance to our Institute. Our report is devoted to the three-dimensional reachable set for the
“Dubins car” model, namely, to the analytical description of the reachable set. “Reachable set” and “reachability
set” are synonyms for us.



Dubins Car

X = COSQ, U = —1 (symmetric case) y 7

V= sing, u e(-1,0) @ymmecease) -
S e | :
welu,1].  wye(0,1) (swictyone-sided um case) p & (0, +0)

The model "Dubins car" is used to approximate the dynamics of various controlled objects

A.A. Markov (1889), R.Isaacs (1951), L. Dubins (1957)

E. J. Cockayne, G. W. C. Hall, T. Pecsvaradi, Yu.l. Berdyshev, A.W. Merz,

J.-P. Laumond, P. Soueres, H.J. Sussmann, S.M. LaValle, T. Shima, M. Weiss, Z. Chen,
G. Merkulov, P. Tsiotras, E. Bakolas, M. Pachter, R. Murphey, H. Choi, C.Y. Kaya,

M. Vendittelli, D. Casbeer, E. Garcia, M. Mitchell, C.J. Tomlin, M.E. Buzikov, A.A. Galyaey,
S. Cacace, A.S. Matveev, A.V. Savkin, Yu.L. Sachkov, A.A. Ardentov, R. Takei, R. Tsai,
N.D. Botkin, V.L. Turova, V.N. Ushakov, A.T. Becker, ...
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Canaiig 2

3/1ech MPUBEIEHO CTaHIapPTHOE KMHeMaTu4deckoe onucanue "Marmunbl Jlyounca". OTHOCHTE/IBHO JIEBOTO Kpast B
3aJaHUK OTPAHUYECHHS Ha yIpaB/IeHNne U pa3andaeM 4 ciydas: CAMMETPUIHBIN c/Iydail, HECUMMETPUUIHBIN CJIydaii,
caydail OHOCTOPOHHErO TIOBOPOTA M CJIydail CTPOro OTHOCTOPOHHETO IMOBOPOTa. B HallleMm J0K/Iaje pedb MOHIET O
CUMMETPUYIHOM CJIydae. YTJIOBasg KOOPJIMHATA  U3MEHsIeTCsl B IIPOMEKYTKe (—00, 00).

Kone4Ho, B COBpeMEHHOl JiuTeparype O4YeHb MHOTO paboT, CBA3AHHBIX ¢ aHaju3oM Mojesu Jlybunca (wim
GJIM3KUX K Hell) ¥ ¢ UCIOJIb30BAHUEM €€ MU PEIeHNr Pa3/InIHbIX 33129 yIIPABJICHUs WM JayKe UTPOBBIX 3aad.
MbI IpUBOIUM J1aJI€KO HE TOJIHBIA CIIMCOK aBTOPOB IIyOJMKAIUl HA 9TY TeMy.

[Ipex e Bcero, mur ymommaaem A.A.Mapxkosa, P.Aitzekca u JI.lybumrca.
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Here, the standard kinematic description of the ”Dubins car” is shown. With respect to the left value in the
specification of the constraint on the control u, we distinguish 4 cases: symmetric case, asymmetric case, one-sided
turn case, and strictly one-sided turn case. In our report, we will talk only about the symmetric case. The angular
coordinate ¢ changes in the interval (—oo, 00).

Of course, there are a lot of works in the modern literature related to the analysis of the Dubins car model (or
those close to it) and to using it in solving various control problems or even game problems. We give a far from
complete list of authors of publications on this topic.

First of all, we mention A.A.Markov, R.Isaacs, and L.Dubins.



Reachable set in projection onto a geometric plane X, y

g tf”\ - \ & \

SIAM J. ControL
Vol. 13, No. 1, January 1975

PLANE MOTION OF A PARTICLE
SUBJECT TO CURVATURE CONSTRAINTS*

E. J. COCKAYNE anp G. W. C. HALLt

Abstract. A particle P moves in the plane with constant speed and subject to an upper bound
on the curvature of its path. This paper studies the classes of trajectories by which P can reach a given
point in a given direction and obtains, for all , the set R() of all possible positions for P at time ¢,
thus extending the results of several recent authors.

Yu.l.Berdyshev

Nonlinear Problems in Sequential Control and Their Application
Ekaterinburg: IMM UB RAS, 2015, 193 p. (in Russian)

The boundary consists
of two involutes of a circle (the frontal part)
and two cardioids (the rear part)
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B zameuarenbnoit crarbe E.J.Cockayne u G.W.C.Hall npuseseno anajmTudeckoe ornucanne MHOKECTBa JTOCTHU-
JKIMOCTH JIJIsT Marmuabl /lyOnHca B reOMeTpuIecKnX KOOpAMHATAX I,y W MCCJIEJOBAHO M3MEHEHIEe MHOYKECTBA, J10-
CTUKUMOCTH BO BpeMeHn. OpoHTaIbHAS YaCTh TPAHUIIBI MHOYKECTBA, JJOCTUAKUMOCTH TIPEJICTABIISIET COOOM TIaIKyT0
CKJIEKY JIBYX 9BOJIBBEHT, ThIJIbHASI YaCTh IPAHUIIBI CKJIAIBIBAETCSA U3 JBYX KapJIUOWJ ¢ HEIJIQIKUM COUJIEHEHUEM.

B namem Uncruryre FO.U.Beppiies Takke paboTas ¢ MHOKECTBOM JIOCTHXKUMOCTH B T'€OMETPUIECKUX KO-
opanHatax B HadaJsie 70-x romoB. IllecTsh Jier Ha3a OH BBIMYCTHJI KHUTY C M3JIOYKEHHEM CBOUX PE3YJIbTATOB IIO
PEIIeHnIO pa3/JIMIHbIX 3a/a4 yIIPaBJIECHUS C UCIIOJIb30BaHneM Mojen JlybuHca u eé 0b600IeHnii.

[ToaepkHEM, ITO MHOYKECTBO JIOCTUKUMOCTH B TEOMETPUIECKUX KOOP/IMHATAX X, Y €CTh IPOEKITHS TPEXMEPHOTO
MHOKECTBA JIOCTHZKUMOCTH (KOTOPOe CTPOUTCS B KOODJIUHATAX T, Y, ©) Ha JBYMEPHYIO IJIOCKOCTD I, Y.
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In the remarkable paper by E.J. Cockayne and G.W.C. Hall, an analytical description of the reachable set for
the Dubins car in geometric coordinates x, y is given and the evolution of the reachable set in time is studied. The
frontal part of the reachable set boundary is a smooth junction of two involutes, the rear part of the boundary is
composed of two cardioids with non-smooth joining.

At our Institute, Yu.l. Berdyshev also worked with the reachable set in geometric coordinates in the early 70s.
Six years ago, he published a book presenting his results on solving various control problems using the Dubins
model and its generalizations.

We emphasize that the reachable set in the geometric coordinates x, y is the projection of the three-dimensional
reachable set (which is constructed in the coordinates z,y, ¢) onto the two-dimensional plane z,y.



Three-dimensional reachable set “at the instant”

x(tr) ty=0, x(ty)=y(ty) = p(ty) =0
G(tr)=U | »(tr)
"Nt

(-1, 0,-1) i

(+11 -17 +1)

G, (ty) Is a p-section

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear control system.
Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328

............



Canaiin 4

Ha sTom craiijie mpejicraBieHo pa3BUTHE BO BPEMEHU TPEXMEPHOIO MHOXKECTBA JIOCTUXKUMOCTH JIJIST MaIlTTHBI
Jlyounca. HammoMmHaIM, 9TO MBI pacCMaTpPUBAEM MHOXKECTBO JOCTHKUMOCTH ‘B MOMeHT . OHO sIBJIsIeTCsS 00be TMHEHNU-
eM BCeX TPEXMEPHBIX (Pa30BBIX COCTOAHUI B 3apUKCUPOBAHHbI MOMEHT BpEeMEHH ¢ ¢, B KazKJ10€ U3 KOTOPBIX MOKHO
MTOIIACTD TIPU ITOMOIIM HEKOTOPOTO JIOIMYCTUMOTO YIIPABJICHUS.

Ha pucynke m3o0parKeHbl pe3y/ibTaThl YUCJICHHBIX MOCTPOEHUM, B3AThIX u3 Harieil crarbu 2003 roma. YrooOsn!
[TOCTPOUTH I'PAHUILy MHOXKECTBA, JOCTUKUMOCTH, JOCTATOYHO UCIOIH30BATH IIECTh TUIIOB yIIpaBJIeHHl ¢ He OoJee
geM ByMs nepeksnodenusamu. Cumsos Gy, (ty) Oymer 0603Ha4aTh AByMEPHOE (p-CedeHne TPEXMEPHOTO MHOXKECTBA
G(ty) no yryosoit Koopaunate . IMeHHO Takue @-cedeHns: HAC U OY/IyT HHTEPECOBATD.

He tepsisg obnocTn, mojiaraeM HadaIbHbI MOMEHT M HadaJIbHbIN (pa30BbIfl BEKTODP HYJIEBBIMU.

Slide 4

This slide represents the time evolution of the three-dimensional reachable set for the Dubins car. Recall that
we consider the reachable set “at the instant”. It is the union of all three-dimensional phase states at a fixed time
tf, each of which can be reached with the help of some admissible control.

The figure shows the results of numerical constructions taken from our 2003 paper. To construct the boundary
of the reachable set, it is sufficiently to use six control types with no more than two switchings. The symbol G, ()
will denote the two-dimensional ¢-section of the three-dimensional set G(¢5) by the angular coordinate ¢. Namely,
these p-sections will be interested for us.

Without loss of generality, we assume that the initial instant and the initial phase vector are zero.



Violation of simple connectedness of the reachable set

This domain does not belong to the @-section
of the reachable set

1

tr =3.637 tr=3.217

The plane of cross-section corresponds to ¢ =0 12-

@-section of the reachable set
for ¢ =0.1z and t =3.7x

............



Canaiig 5

N3 pe3yabTaToB YuCIEHHBIX TOCTPOEHUN MBI 3HAEM, UTO HEKOTOPbBIE (-CeUeHUs] MOTYT ObITh HEOIHOCBI3HBIMU.
Ha pucynke cripaBa mmokasaH mpuMep TaKoro (-CedeHns. 371eCh IeHTPpa/ibHast 00/1aCTh He TPUHAJIEKUAT (Q-CEICHUIO.
TpéxmepHOe MHOKECTBO JTOCTUKUMOCTHU TAKZKE MOYKET OBITh HEOTHOCBA3HBIM. COOTBETCTBYIONINI TPUMED MTOKa3aH
Ha PUCYHKE CJIEBA.

Slide 5

From the results of numerical constructions, we know that some ¢-sections may be non-simply connected. The
figure on the right shows an example of such a ¢-section. Here, the central area does not belong to the yp-section.
A three-dimensional reachable set can also be non-simply connected. The corresponding example is shown in the
left figure.



Pontryagin Maximum Principle

Itis known [Lee, E.B., Markus L. | that controls that carry a system onto
the reachable set boundary satisfy the PMP.

e

X = COS . »
. : ? dynamic description Reachable set at the instant t,:
1Yy = Sine, of Dubins car
(b = U: X(tf)
- s
‘ G(tr)=U| »(tr)
ue[ulauz:l) u1:_19 M2: 1 u() @(tf)
Let u*() be some admissible control and (. 0
l/jl =Y,
(x*(-), y*(-), gp*(-))T be the corresponding motion )
3 Wz = O)
of Dubins car on the interval [t,, tf] /' )
. ) .
=y, SINQ" — COoSQ™.
Differential equations of the adjoint system : \ V3=V ) ¢

We have w;(-)=const, w,(-)=const.

............
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B xuure E.B. Lee u L. Markus cchopmysimpoBata u JoKa3aHa TeopeMa 0 TOM, UTO JIFo0oe IIporpaMMHOe yIIpaBJie-
HIE U COOTBETCTBYIOIEE €My JIBHKEHUE, BeJlylllee Ha I'PAHUILy MHOXKECTBA JIOCTUKUMOCTHU, YIOBJIETBOPAIOT ITPUH-
nuiy MakcumyMa, [ToaTpsaruna. Byt conpskEnnoit cucrembl jiid Mojenn /lyounca oueHb mpocT.

Slide 6

In the book by E.B. Lee and L. Markus, a theorem is formulated and proved that any open-loop control and
its corresponding motion leading to the boundary of the reachable set satisfy the Pontryagin maximum principle.
The type of conjugate system for the Dubins model is very simple.



Pontryagin Maximum Condition

The PMP means that a nonzero solution (; (-), w5(-), ()" of the adjoint system exists,
for which almost everywhere (a.e.) on the interval [{y,1,], the following condition is satisfied :

Vi (O)cosp (t) +yibcosgt) +pi Oty = max | pit)eosg(t) +pE)cose™(t) + b |

ue[”la u2]

=  ya(Du'(t) = max [t//3(t)u] a.e. tef[fp, tr]

ueluy, uy ]

1. If w{ =0and v, =0, theny; (-) = const# 0 on the interval [t,), trl]. Y

Therefore, wehave a.e. u'(t) = u, or u'(t) =U,. (x*(-), y*())

2. Let at least one of the numbers y; and , is non - zero.
Using the equations of dynamics and adjoint system equations,
one can write

Vi) = yiy' (&) —yix"t) +C.
Therefore, w3 (t) =0 iff thepoint (x*(f), y*(t) )T of the geometric >
position at the instant { obeys the stright line equation

Straight
wiy—wax+C=0. switching line

............



Caaiig 7

31ech BhIICcaHa HhOpMyJIa IMPUHIIAIA MAKCUMyMa, M3 KOTODOH cjeiyeT, 4ro ynpasjenue u*(-), Belylinee Ha
IPAHMUILY, ONPEJIEISAeTC B KaK/blii MOMEHT { 3HAKOM TpeTbeil KOMIOHEHTHI 1% (t) BekTopa 1*(t) conpszKEHHOI
cucrembl. Ecim ymnpasnenue u*(-) umeer nBa mian 6ojiee MePeKIIOYEHHN, TO BOSHUKAET MPSIMasi MEPEKTIOUeHNs.
[Ipsimast TepeKIIoUeHnsT He SIBISETCs YHUBEPCAJIbHON. JIIg KayKi0ro JBUKEHUsI, BEJIYNIEro Ha MPAHMUILY, psaMast
[IEPEKJIIOUEHHsT CBOSI.

OTMedeHHBbIE Ha 9TOM U Ha NpeAbLIyIeM ciaiijgax (pakTbl gBjsiorcs mnpocreiimmmvu. OHM HEnocpejcTBEHHO
CJIEJLYIOT U3 3alUCH IPUHIUIIA MakcuMyMa [[oHTpsruna. DT COOTHOIIEHUS TO3BOJIAIOT TaK¥Ke I'OBOPUTH O KOHEY-
HOM 9HCJIe HEePeKIIOUeHHUH I KaykJI0ro KyCOUYHO-TIOCTOSIHHOIO YIIPABJICHMsI, BEIYIIEr0 Ha TPAHUILY MHOXKECTBA
JIOCTUZKUMOCTH.

Slide 7

Here, we write out the formula of the maximum principle, from which it follows that the control u*(-) leading
to the boundary is determined at each instant ¢ by the sign of the third component 1%(¢) of the vector ¢*(t) of the
conjugate system. If the control w*(-) has two or more switches, then a switching line occurs. Note that straight
switching line is not universal. For each motion leading to the boundary, the switching line is different.

The facts noted on this and previous slides are the simplest. They directly follow from the relations for the
Pontryagin maximum principle. These relations also allow us to talk about a finite number of switches for each
piecewise-constant control leading onto the boundary of the reachable set.



Controls generating the boundary
of three-dimensional reachable set

4)-1,0,-1 2)-1,0,1 tr=1.57
Theorem. Any boundary point of the reachable set 7
for system

X =cosp, y=sing, ¢ =u; u/<l
can be reached by means of a piecewise-constant
control with no greater than two switching instants.

In the case of two switchings, it is sufficient to
consider 6 sequences of the control values, namely,

) +1, 0,+1; 2)-1, 0,+1; 3)+1, 0,—-1; r N
® A ™
4)-1, 0,-1; 5)+1,-1,+1; 6)—1,+1,-1.
. 2) 6)-1,1,-1

Note: in the cases 5), 6), we can restricted by
the motions that satisfy the inequality (Lemma 2)

(t=to)+(ty=t2) < (2=t T

-1

+1 —

Patsko V.S., Pyatko S.G., Fedotov A.A. (2003) Three-dimensional reachability set for a nonlinear control system.
Journal of Computer and Systems Sciences International. Vol. 42, No. 3, pp. 320-328

Dubins L.E. (1957) On curves of minimal length with a constraint on average curvature and with prescribed
initial and terminal positions and tangents. American J. Math. Vol. 79, no. 3. P. 497-516. 8
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Ha sTom craiie mbl npuBogum (GopMyInpoBKY Hareit Teopembl u3 cratbu 2003 roja, ompeesionieil yipas-
JIEHUsI, BeJIyIe HA TPAHUIY MHOXKECTBA JOCTUXKUMOCTUA 6 MOoMenm Jjisd Mmaruabl JlyOuHca. DTu 1ecTs TUTIOB
COBIIQJIAIOT C yIPaBJIeHUAME, yKa3aHHbIMEI B cTaThe JI./lyOuHca, cBsa3anHoil ¢ 3agadeit ObicTpojeiicTBusa. Orim-
qKe 3aKJI0YAeTCs B JIONOJTHATENHLHOM YCJIOBUH, KOTOPOe JIOJIZKHO BBIIOJHATHCA JIJId yipaBjieHuii tuna 5) u 6).
DTO ycJIoOBUE O3HAYAET, UTO MPOJOJIZKUTEHLHOCTH CPEJIHEr0 YYacTKa MOCTOSHCTBA yIPABJIEHUS JOJKHA ObITH He
MeHbIIIe, YeM CyMMapHas MPOJIOJKUTETHLHOCTD MIEPBOIO U TPETHETO YYACTKOB.

B npeapiaymux mHamux paborax Mbl HCIOJIB30BAJIA 3Ty TEOPEMY I YUCJIEHHOT'O TOCTPOEHUS T'PAHUITHI MHO-
JKeCTBa JOCTUKUMOCTH. [[OCKOIBKY JIBUZKEHUsI B CHJIY KarKJIOT'O M3 IECTU THUIIOB YIIPABJICHUN MHTEIPUPYIOTCH B
SIBHOM BHJIE, MBI HCIIOJIB3YEM 3TO KaK OCHOBY JJIs AHAJUTUYECKOIO HCCJIEIOBAHUS (O-CEIeHHMII TPEXMEPHOTO MHO-
JKECTBa JIOCTUZKUMOCTH.

Slide 8

On this slide, we present the formulation of our theorem from the paper of 2003, which determines the controls
leading to the boundary of the reachable set at the instant for the Dubins car. These six types coincide with
the controls indicated in the paper by L.Dubins related to the time-optimal problem. The difference lies in an
additional condition that must be satisfied for controls of types 5) and 6). This condition means that the duration
of the average interval of the control constancy must not be less than the total duration of the first and third
intervals.

In our previous papers, we used this theorem to numerically construct the boundary of the reachable set. Since
motions are explicitly integrated due to each of the six types of controls, now we use it as a basis for an analytical
study of p-sections of the three-dimensional reachable set.



Classification of @-sections
of three-dimensional reachable set

0 < o<ty ftp<idm—op,
II. 0 < p<m, ftf<dm—y,
III. 0 < ¢ <27, 15 247 — .
IV. 27 < ¢ <ty

V. (p:tf.

The symmetry property
to cover the case ¢ <0:

pooou(t) = —u(0),

ty < 3m+ 2cos (p/2).
tr = 3m+2cos (p/2).

[/ I AV |
I1—L
| =Y
2 - : I
]
]
:
- I
0= P/ﬂ'\
v ) i : A
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Butors 10 3TOrO c1aiiga Oblia BBOJHAS YacTh HaIlero AokJjaaaa. Ceifdac Mbl IEPEXOIUM K M3JIOXKEHUIO HOBBIX
pesyabTaTos. Ha mmockoctn @, t¢ MBI BBIJIe/IAeM IATH MHOXKECTB, JJId KazKJ0T0 U3 KOTOPBIX CTPYKTYpPa (-cedeHnit
omHa u Ta xe. Kiaccudukanms mokazaHa Jisi HEOTPUNATEIbHBIX 3HadeHnit ¢. Crernudurka KHHEMATHIECKOTO
ornmcanus MaruHbl [yGuHca IposIBIISeTCst B CUMMETDHUH JIBUKEHUIT CHCTEMbI IPU CMeHe 3Haka ylpaBieHus u(-).
[TosTomy i1 OTpHUIIATE/ILHBIX 3HAYEHHUHN (0 TOJIydaeM CUMMETPUYHYIO OTHOCUTEILHO BEPTUKAJILHON OCH KapTHHY
KJ1accuuKaIum Q-ceueHuii.

CaMbIM TIPOCTBIM B KJtaccuUKaIUu gBJseTcd caydait V. 31ech KaxkI0e p-ceueHne BIPOKIACTCS B TOUKY.

Jlanee nepexonm K paccMoTpeHnto ciaydaen [-1V.

Slide 9

Up to this slide there was an introductory part of our report. Now, we turn to the presentation of new results.
On the plane ¢ and t;, we distinguish five sets, for each of which the structure of ¢-sections is the same. The
classification is shown for non-negative values (. Specifics of the kinematic description of the Dubins car is revealed
in the symmetry of the system motions when the sign of the control u(-) is changed. Therefore, for the negative
values , we obtain a picture of the classification that is symmetric to shown one with respect to the vertical axis.

The simplest case in the classification is number V. Here, each (p-section degenerates into a point.

Next, we turn to the consideration of cases I-IV.



Auxiliary coordinate system X.Y.
Symmetry property with respect to the axis X
Y

AY
Al
Forany t; and @ =0, -section
L X is symmetric with respect to the axis X
- / p[2 of the auxiliary coordinate system X, Y.
o\ /2 The axis X passes through the origin
01 20— . of the original system x, y.
8 — 1, 0, 1 40 — 1, 0, 1
_ e -1, 0, 1 e 1,0, 1
Y = 7T/4 6 1, 0, -1 30 - 1, 0, -1
— 1, 1, 1 — 1, 1, -1
/. \, AN
—— e
four types of curves : \

y
|
W/

Al: +1, 0, +

D

N
©
N

J

(\
N
/1
\

A2 : -1, 0, +1
e

A3 : +1, 0, -1 <

4 20 7
A6 : -1, +1, —1 ty=2m w\ / te=10m

I
(o))

............
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Ecmu >0, 10 mj1s1 onucaHus rpaHuIbl MHOYKECTBA JIOCTHKUMOCTH JIOCTATOYHO OCTABUTH TOJIBKO YeThIPE TUIIA
yupassenuii: 1), 2), 3), 6). Ilpu dukcupoBaHHOM (¢ KazKIblil 13 HUX JaéT OJHOIAPAMETPUIECKYI0 KPUBYIO Ha ILJI0C-
KOCTH TeOMeTpUIeCcKnX KoopauHat x,y. CoorBercrBytoriue Kpusble obo3naanm Al, A2, A3, A6. Basas stu kpusbie
B nocsretoBaresbaoct Al, A3, A6, A2, mosydaeM HENPEpPBIBHYIO 3aMKHYTYIO KPUBYIO, KOTOpasl COJIEPKUT B cebe
rpaHuIly ¢-cedenns. IIpuMepsl mokasaHbl B HUKHeR dacTh ciaiina. IIpy Masbix 3sHaueHUAX ¢ MMeeM 3aMKHYTYIO
KpuByIo 6e3 camorepecedenuii (puc. ciesa). C pocroMm t; paccMaTpuBaeMasi 3aMKHYTast KPUBAsL yCIOKHACTCA U
KOJIMIECTBO €€ camoliepecedenuii pacTér (puc. crnpasa). B TakoM ciaydae 3ajatda BbIIEJEHNST YIaCTKOB KPHUBBIX,
JIEXKAIINX Ha PPAHUIE (0-CEUEHUS, CYIIIECTBEHHO YCJIOKHSIETCS.

Ananmu3upys BBEJIEHHYIO 3aMKHYTYIO KPUBYIO, yOeXKaeMcs B €€ CUMMETPUNA OTHOCUTETHHO ocu X HEKOTOPOi
BCIIOMOTaTeJIbHOM cucTeMbl Koopjuuar X, Y (BepxHssi yacTh cjiaiija). BenoMoraresibHas cucteMa KOOPIUHAT 3a-
BHUCHUT TOJIBKO OT 3HaueHus . Ké ocb X MPOXoIUT Yepe3 HAdAI0 UCXOTHON CUCTEMbI KOOD/INHAT.

[Ipu manbueiiem anaanse Oy/IyT UCIOJIB30BaTHCs (hopMyJibl 3ammcn Kpubix Al, A2, A3, A6 Bo BcriomoraTeib-
HOI cucTeMe KOOpJuHAaT.

Slide 10

If >0, then it is enough to take only four types of controls to describe the boundary of the reachable set: 1), 2),
3), and 6). With a fixed ¢, each of them determines a one-parameter curve on the plane of geometric coordinates
x,y. The corresponding curves are denoted as Al, A2, A3, and A6. Taking these curves in the sequence Al,
A3, A6, and A2, we obtain a continuous closed curve that contains the boundary of the ¢-section. Examples are
shown at the bottom of the slide. For small values ¢;, we have a closed curve without self-intersections (fig. on
the left). As t; increases, the closed curve under consideration becomes more complicated and the number of its
self-intersections grows (fig. on the right). In this case, the problem of selecting segments of curves lying on the
boundary of the ¢-section becomes much more complicated.

Analyzing the introduced closed curve, we are convinced of its symmetry with respect to the axis X of some
auxiliary coordinate system X, Y (upper part of the slide). The auxiliary coordinate system depends only on the
value . The axis X passes through the origin of the original coordinate system.

Further analysis will use the formulas for writing curves A1, A2, A3, and A6 in the auxiliary coordinate system.



The curves A2 and A3 are involutes of circles

S92 E[—Q; 0]

sse [0.0] 7= W92

After trigonometric transformations,
we obtain a parametric representation of each of the
curves A2 and A3 in the form of an involute of a circle:
X(7)=rcosT + rrsinT,
Y(7)=rsint +rrcosT.

Here, 1" is a base circle radius, T is a parameter
(the angle of rotation of the generating straight line).

For curve A2, we have r =2, T=0-+s;,
the center of base curve is 2(—sin(¢/2), —cos(¢/2))".
Forcurve A3: r=2, T=0—s3,
the center of base curve is 2 (—sin(¢/2), cos(9/2))".

AY
L
r °
A3~ 0 i
| \ :
\ ]
LN \ !
~ o \ N
3 < \ |
P e \ !
il \1W. =t
A6 / <1\
i = . 7 ‘Al_
J rd
) _ -
-1 X
/ o\ L -
\ ..
\ ~
‘\ R -
I\ -/
] ~ F
r\“x_____.,/’/: \‘ )
. " '
- - '
\' 2 yd
[}
: N Y
A2 ! P

tf:2.571' 'TO:?T/S

Dashed lines are not trajectories

............



Caaiig 11

3/1ech B BepxHell 9acTu CJiaiijia MpUBeIeHbI (DOPMYJIbI TapaMeTpPUIeCcKoro mpe/crapiennst Kpubbix A2 u A3 Bo
BCIIOMOTATE/IbHON cucteMe KoopanHat. Kpubast A2 3a/1aéTcst Ipu IOMOIIH ITapaMeTpa Sg, a Kpubasi A3 1pu moMoIu
mapameTrpa Sz. VMcmomp3ys TpuUronoMeTpudeckue mpeodpaszoBaHus, KaXKIylo U3 JIBYX KPUBBIX MOXKHO 3alllCaTh B
cTaHIapTHOH hopMe, COOTBETCTBYIONIEH 9BOIbBEHTE OKPYKHOCTH. B 060oux ciydadx pajmyc 6a30BOil OKPYKHOCTH
paBen 2. OJIHAKO IEHTPBI STUX OKPYKHOCTEl, BOOOIIE TOBOPs, HE COBIAJIAIOT.

Ha pucynke cupasa jis 3Hadenuit ¢y = 2.5m, ¢ = /3 noxasaubl 9BosibBeHTEl A2, A3 BMecTe ¢ ux 06a30BLIMU
OKPY2KHOCTSIMU U IMOPOK TatomumMu nmpambiMu. [lopozk natoriue rmpsiMbie n300parkeHbl IyHKTUPOM. B 1iesioM, KaxKias
HOPOKIAIOIIAsT KpUBast (CKJIAIBIBACTCS U3 JyTU 6A30BOH OKPYZKHOCTH W HOPOXKJAIONIEH TPAMOii) He sIBIIsIeTCst
9KCTPEMAJIBHON TPaeKTOPHeil, yAoBIeTBOPAoNIell TpuHINIy MakcuMmyMa [lonrparuna. Mbl mumnb nHTEpIpeTupyeM
kpuBble A2 1 A3 KaK 9BOJIbBEHTHI OKPYKHOCTH € TEJIHI0 0OOCHOBAHUS HYKHBIX HAM T€OMETPUIECKUX CBOMCTB TUX
KpUBBIX. B 3TOM cocTouT OoT/IMYMe OT PACCMOTPEHHOI BBIIIE ITPOEKIUU TPEXMEPHOI'O MHOXKECTBA JIOCTUZKUMOCTU
Ha, IJI0CKOCTD T, Y.

Otrmernm, uro Kpuble Al u A6 — 9T0 Bcerja Jyru OKPyKHOCTEIA.

Takum obpazoM, TpaHuIa JIOOOTO Y-CeUeHNs CKJIAIbIBAETCS U3 HEKOTOPBIX YT OKPYXKHOCTEHl M HEKOTOPBIX
Y9IaCTKOB 3BOJILBEHT.

[l yKasaHHBIX B IIOJIINCH K PHCYHKY 3HaUeHUil ¢y U ¢ TPaHHUIA (p-CeueHnd BKIIOYaeT B ceOd 1eJIMKOM KPHUBBIC

Al, A3, A6, A2.

Slide 11

Here, at the top of the slide, formulas for parametric representation of the curves A2 and A3 in the auxiliary
coordinate system are given. The curve A2 is determined with the help of the parameter s9, and the curve A3 is
given by the parameter s3. Using trigonometric transformations, each of these two curves can be written in the
standard form corresponding to the involute of the circle. In both cases, the radius of the base circle equals 2.
However, the centers of these base circles, generally speaking, do not coincide.

In the figure on the right, the involutes A2 and A3 are shown together with their base circles and with
generating straight lines for the values t; = 2.57m and ¢ = 7/3. Generating straight lines are shown by dashed



lines. In general, each generating curve (it consists of the base circle arc and the generating straight line) is not
an extreme trajectory satisfying the Pontryagin maximum principle. We just interpret the curves A2 and A3 as
the circle involutes in order to justify the geometric properties of these curves that we need. This is the difference
from the above-considered projection of the three-dimensional reachable set onto the plane z,y.

Note that the curves Al and A6 are always arcs of circles.

Thus, the boundary of any ¢-section consists of some arcs of circles and some parts of involutes.

For the values ¢; and ¢ indicated in the figure caption, the boundary of the p-section includes the curves Al,
A3, A6, and A2 entirely.



View of ¢-sections for case |
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The case | with an additional restriction #,< 27 was considered in the paper

Patsko V.S., Fedotov A.A. (2020) Analytic description of a reachable set for the Dubins car.
Trudy Instituta Matematiki i Mekhaniki URO RAN, vol. 26, no. 1, pp. 182—-197 (in Russian).



Caaiig 12

Ha sTom craiijie Mbl MOKa3bIBAEM BUJI TPAHUIILI (Q-ceueHUs i ciaydasd [. 3HadeHme ¢ OJMHAKOBO Jjis 000OUX
pucyskoB. [l puc. cieBa 3HaUeHue ¢y MeHbIIe, 9eM [ puc. cupasa. Cirydait | xapakTepusyercsa IMEHHO TeM, ITO
TPAHWUTIA (P-CeIeHNS COBIIAIAET ¢ 3AMKHYTOI KPUBOil, 00PA30BAHHOI ITOC/Ie/I0BATETHbHO COeIMHEHHBIMI KPUBBIMI A,
A3, A6, A2. TIlpu stom B ciryuae I kpusbie A2, A3, A6 aBISIOTCST HEBBIPOXKIEHHBIME, a KpuBasg Al BBIPOKIaeTCsI
Jmib 1pu ¢ = 0.

Cayuait I npu gonosnnuTesbHOM ycaoBun ¢y <27 ObLT paccMOTpeH B Hareil crarbe 2020 rofa.

Slide 12

On this slide, we show the view of the ¢-section boundary for the case I. The value ¢ is the same for both
figures. For fig. on the left, the value ¢; is less than for fig. on the right. The case I is characterized precisely by
the fact that the boundary of the p-section coincides with the closed curve formed by the sequentially connected
curves Al, A3, A6, and A2. In the case I, the curves A2, A3, A6 are non-degenerate, and the curve A1l degenerates
only when ¢ = 0.

The case I with the additional restriction ¢ ;<27 was considered in our paper of 2020.



Evolution of ¢-section in time for case | (¢ is fixed)
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Caaiig 13

3aech miid caydas | mokasaHO pasBUTHE I'DAHUIIBL (O-CEUCHUA C yBeINIEHHEM MOMEHTA ¢y IpU (PUKCUPOBAHHOM
snavenun ¢ = 0.57. Buano, uro kpusbie Al mpejicraBiisiior co00it KOHIEHTPUIECKNE YT OKPYKHOCTEH ¢ OJTMHAKO-
BBIM YIJIOBBIM pa3maxom. Kpusbie A6 Tak:Ke IPeCTaBIAI0T COOOM IyT KOHIIEHTPUIECKUX OKpYyKHOCTel. Kpubie
A2, A3 (9BOJIBBEHTBI) IIAJIKO CTHIKYIOTCsI ¢ KpuBOit Al, HO X CTBHIKOBKa ¢ KPUBOW A6 sIBJIsIeTCS HETJIaIKOM.

Slide 13

Here, for the case I, the evolution of the ¢-section boundary is shown with the increasing instant ¢ for the
fixed value ¢ = 0.57. It can be seen that the curves Al are concentric arcs of circles with the same angular span.
The curves A6 are also arcs of concentric circles. The curves A2 and A3 (involutes) join smoothly with the curve
A1, but their joining with the curve A6 is not smooth.



View of ¢-sections for case I
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Cahaiig 14

[naBnoit ocobenHOCTHIO W-ceuenuit B ciaydae 1l gBiasercs orcyrcrBue mx oaHocBsa3HOCTU. PaccmaTpuBaeMbie
3J1eCh (P-CeUeHUs 3a/IaI0TCd BHEITHE 1 BHyTpeHHell rpanntiamu. Ha ciaiijie mpeacTaBiieHbl JiBa IPUMeEPa (o-CeueHnit
Juist pukcuposannoro 3nadenns ¢ = 0.17. B Bepxueit qactu craitna muozkectsa G, (t ) H300pazKeHbI IEINKOM, a B
HIZKHE}! 9acT! JTaHbl UX yBeJM9eHHbIe bparMeHThl ¢ TOKa30M Bo3HHKaroeil B ciydae 11 ocobernnocrn. 3nadenmue ¢
JIUIST JIEBOTO PHCYHKA COOTBETCTBYET IIEPBOMY MOMEHTY BpeMeHH, Korja Kpusble A2 n A3 kacaiorcs (TOUKa KacaHmst
P,=P,). Ha npasom pucynke (upu GosbineM 3uadeHnu ¢y) kpusble A2, A3 mepecekaiorcst y2Ke B ABYX Pa3/IMIHBIX
Toukax P, u Ps.

Ocobernnocts ciydas I 3akiroqaercss B BOSHUKHOBEHHH MHOXKeCTBa B, (1f), BHYTPEHHOCTH KOTOPOTO He IIPH-
HaJ[JIeKUT @-cedenmio. ['panuna “npipru’ B, (tf) (BHYTpeHH:S TPaHUIA (p-CedeHnsI) COCTABISIeTCs U3 KpuBoil A6
U IPUMBIKAONNX K Hell yaacTKoB KpuBbix A2 u A3 0 Touku Pp. Buemnss rpanura obpasoBana kpuboit Al u
[PUMBIKAIOIAMHI K Heil ydacTkaMu Kpubbix A2, A3, B3aTbIMU JIO TOYKH P.

Slide 14

The main feature of ¢-sections in the case II is that they are not simply connected. The ¢-sections considered
here are given by the outer and inner boundaries. This slide represents two examples of p-sections for a fixed
value ¢ = 0.17. In the upper part of the slide, the sets G, (t;) are shown in their entirety, and in the lower part
their enlarged fragments are given showing the peculiarity arising in the case II. The value ¢ for the left figure
corresponds to the first time instant when the curves A2 and A3 touch (touch point P;=P,). In the right figure
(for a larger value tf) the curves A2, A3 are already intersected at two different points Py and P.

The feature of the case II is realized in the appearance of a set B, (t;) whose interior does not belong to the
¢-section. The boundary of the "hole” B,(ts) (the inner boundary of the ¢-section) is composed of the curve A6
and adjacent parts of the curves A2 and A3 to the point P,. The outer boundary is formed by the curve A1l and
adjacent parts of the curves A2, A3, taken up to the point P;.



View of ¢-sections for case llI
(non-degenerate subcase: 7, > 47— ¢)
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The boundary of ¢-section in this case is formed by the curve Al
and parts of the curves (the involutes) A2 and A3 up to the point of their first intersection
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Caaiig 15

Ha nannom ciaiine m306pazkeHbl IpUMepHl p-cedenuil 1yd ciaydad 111 npu BeimosHenun yciaoBud ty > 4w — ¢
(HeBBIPOK IeHHBIIT TozcaTydaii). 3ech kpuBast A6 n dacTh KpuBbix A2, A3 pacrosioKeHbl BO BHYTPEHHOCTH (-
cegennd. MuoxkectBo G, ABIAETCA OTHOCBAZHEIM. Ero rpannma obpasosana Kpusoit Al u yJacTKaMn KpUBBIX A2,
A3, B3aTeIME 10 TOUKH Iepecedenusd Pj. ITpn Gosmbmmx 3Hadennsx ¢y xpusble A2, A3 MOTyT IepeceKaTbcs MHOT'O
pa3 (puc. cripasa).

Slide 15

This slide shows examples of ¢-sections for the case III under the condition ¢ty > 47 — ¢ (non-degenerate
subcase). Here, the curve A6 and some parts of the curves A2, A3 are located in the interior of the p-section. The
set G, is simply connected. Its boundary is formed by the curve Al and parts of the curves A2, A3 taken up to
the point P; of their intersection. For large values ¢;, the curves A2 and A3 can intersect many times (fig. on the
right).
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View of ¢-sections for case llI
(degenerate subcase: ., =47-¢)

Curves A1, A2, A3 are shown in full. Curve A6 degenerates into point H.
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In the last two pictures, the first intersection point of the curves A2 and A3 coincides with the point H.

The boundary of ¢-section in this case is formed by the curve Al
and parts of the curves (the involutes) A2 and A3 up to the point of their first intersection.
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Caaiig 16

Hannbrit ogcryydait ciydad 11 asiserca norpannyansiv co ciaydaem Il mpu ¢ < 7 u co cayuaem I mpu p>7
(em. kmaccudukarmo Ha craiiae 9). s oboux ycaouit kpubast A6 cCOCTOUT U3 OJTHOW TOUKL.

Ha sreBoM pucyHKe mokasaH IpuMep s ¢ < 7. 371eCh MbI IMeeM MHOXKeCTBO B, (tf) (BBenénnOe 1y1a cirydast 11),
BhIpOXKqatorieecss B TouKy H. I'panuna -cevenus cocrout u3 jgyru Al m gyr A2 m A3 10 TOYKH UX HEPBOTO
repecevenus.

Ha cpesrem 1 mpaBoM puCyHKaX IMOKa3aHbI IPUMEPHI JIJIst ¢ >7. 371eCh Takke Kpubble A2 1 A3 1ocie nonaianmst
B TOuKy H He mmeroT npojioszkenus. Mpl osrydaeM IpaHuIly p-cedeHns KakK II0cae0BaTe/IbHOe COeTMHEHNe KPUBBIX
Al, A3 u A2.

B 1esiomM, rpaHuIia @-cedeHnst OMUCHIBAETCS IPU TIOMOIIU TPEX KPUBBIX (KaK M B HEBBIPOXKIEHHOM IOJIC/TyYae
cayuag I11).

Slide 16

This subcase of the case III borders with case II for ¢ < 7 and with case I for o> (see classification on slide 9).
For both conditions, the curve A6 consists of one point.

The left figure shows an example for ¢ < 7. Here we have the set B, (ty) (is introduced for case II) degenerating
into the point H. The boundary of the p-section consists of the arc Al and the arcs A2 and A3 up to the point
of their first intersection.

On the middle and right figures, the examples are shown for ¢>7m. Here, too, the curves A2 and A3 after
hitting the point H have no continuation. We obtain the boundary of the ¢-section as sequential connecting the
curves A1, A3, and A2.

In general, the boundary of the ¢-section is described using three curves (as in the non-degenerate subcase of
the case IIT).



View of ¢-sections for case IV

(L

ly =Dm, ¢ =2.0m

(27< @< &)
Ay N Ay
PRz NN /\K
/ \ AL L, Ca // AN
/ )2 \\ / ’\Q
{ | / Kgy \ ))(-. i %,'?'\ A6
| A N
\ A3 / -10 M/
\\\ //// \\X/A?)(
\‘?4& -20 ‘ |

ty=8m, @ =2.5m

The curve Al is a circle with an “overlap” ( with a scope greater than 2 ).

The set G,(t) is the circle C'y; .
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Caaiig 17

Coyuait IV onpegnensiercs yciosuem 2r<¢ < ty. 3gech kpusas Al mpejcraiser coboil OKPY’KHOCTb “C Iepe-
xJécToM”. DTa OKPYKHOCTH U SABJISETCH TPaHuleit p-cedenus. LleHTp OKpyKHOCTH COBIAIAET C HAYAJIOM BCIIOMO-
raTeIbHOI CHCTEMBI KOODJIMHAT, a pajnyc paseH ty — ¢. Kpusag A6 neaukom n kpusble A2 n A3, 3a HCKIIIOUCHIEM
TOYEK UX CTHIKOBKH ¢ KpHBOil Al, jexxar BO BHYTpeHHOCTH MHOX)KeCTBa G, (ff) U HE yIaCTBYIOT B (hOPMUPOBAHI
I'DAHUIIBL.

Slide 17

The case IV is determined by the condition 2r<y < t;. Here, the curve Al is a circle (a circumference) with
an “overlap”. This circle is the boundary of the (p-section. The center of the circle coincides with the origin of the
auxiliary coordinate system, and the radius is equal to t; — ¢. The curve A6 as a whole and the curves A2 and
A3, except the points of their joining with the curve A1, lie in the interior of the set G,,(t) and do not participate
in the formation of its boundary.



Summary

An analytical description of the boundary of two-dimensional ¢-sections
of the three-dimensional reachable set for Dubins car is obtained including
the case of not simply connected ¢-sections.

The boundary of each ¢-section is formed by means of arcs of circles and parts of
involutes.

A classification of possible variants of ¢-section structure is introduced.

The results obtained can be used in solving various control problems.

............



Caaiig 18

B pabore ucciemoBana CTpyKTypa CEYEHH MO YIVIOBOil KoopauwHaTe ((-CedeHuil) TpEXMEPHOIO MHOXKECTBA
JIOCTH2KUMOCTH “‘B MOMeHT i1 Mamuubl /lybunca. [Ipoanajm3upoBanbl KpuBbIe, JIeyKaIlle Ha TPAHUIIE (O-CEUEHUI.
[Tomy4ueno nx aHAJIUTUYIECKOE OITMCAHUE.

Slide 18

The paper investigates the structure of cross sections by angular coordinate (y-sections) of three-dimensional
reachable set “at instant” for the Dubins car. Curves lying on the boundary of p-sections are analyzed. Their
analytical description is obtained.



Future

An asymmetric case of restrictions on left and right turns will be considered.
We plan to prove that its study reduces to the symmetric case.

X = coso, y 72
Yy = smoe, (symmetric case) P
— g7+ X
¢ u, u, <0<u, 7
u e [”1 , Uy ] (asymmetric case with two-sided turns) Qe ( —00, +00 )

Let we need to find ¢-section G, (tr) for some values f; and ¢ in the asymmetric case.

21£]{fp - ff!!g)
We introduce the instant {; by the formula ; =
f f Uy — 1
Given the same value ¢, we consider the ¢-section G‘;(t;;) for the symmetric case. In the
auxiliary coordinate system (it depends only on ¢), we obtain the desired ¢-section G,p(tf)

using the linear transformation (with multiplication by the coefficient and the shift):

1
——
Uy — U2 4 /% . 2 _
oy Colt) + 26 (3 | 2
0

+¢

G, (t;) =

............



Caaiig 19

B pabore jist ynpasisemoro obbekTa “mamuna Jlybunca” paccMOTpeH ciydail CHMMETPUIHOIO OI'PDAHUYEHUS
Ha yupasienne: u€[—1, 1]. Mbl mianupyem 1oka3arh, UTO HOJIYyYEHHBIE PE3YIbTATHI MOTYT OBITH HCIOJIb30BAHBI
T 1000Tr0 HECUMMETPUIHOro orpanmdenns Buga u; <0<u. A IMEHHO, B HECUMMETPUIHOM CITydae IIPH JIOOBIX 5
7 (© ICKOMOE (O-CEYCHUE MOXKHO IIOJIyYATh U3 CHMMETPUIHOTO CIydad, B34B TO Ke caMOe 3HA4YCHUE 0, HO HCKOTOPOe
Apyroe 3Ha4yeHue t} BMECTO tf.

Slide 19

In our work for the controlled object ”Dubins car”, the case of symmetric control constraint is considered:
u€[—1, 1]. We plan to prove that the results obtained can also be used for any asymmetric constraint of the form
11 <0<uy. Namely, in the asymmetric case, for any t; and ¢, the desired ¢-section can be obtained from the
symmetric case by taking the same value ¢, but some other value ¢} instead of ¢;.



