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SWITCHING SURFACES IN LINEAR DIFFERENTIAL GAMES

V. S. Patsko UDC 517.978.2

ABSTRACT. In this paper, we consider linear (in dynamics) conflict control problems (linear antagonistic
differential games) with a fixed instant of termination and a continuous terminal cost function. We formulate
and prove assertions on sufficient conditions under which such a method guarantees the obtaining of a result
close to optimal by the minimizing player and has the stability property. In the concluding part of the
paper, we give a brief description of publications devoted to computer modeling by using the proposed
control method.
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Introduction

In engineering practice, control problems of motion in which components w;, i = 1,k, of the vector
control action are subjected to independent constraints |u;| < p; are typical. For such problems, in
finding a control optimizing a given performance index, methods based on the construction of switching
surfaces in the state space are natural. Each such surface corresponds to its own component u; of the
control action, and at a current instant of time ¢, it divides the state space into two parts: to one side of
the switching surface the component w;(t) assumes the value —p;, and to the other side it assumes the
value +p;. In this case, problems of stability of the control method with respect to small errors in the
construction of switching surfaces is important.

In this paper, we consider linear (in dynamics) conflict control problems (linear antagonistic differential
games) with a fixed instant of termination and a continuous terminal cost function. The vector control
action of the minimizing player is subjected to independent componentwise constraints |u;| < p;. We
describe a method for constructing a feedback control using switching surfaces. We formulate and prove
assertions on sufficient conditions under which such a method guarantees the obtaining of a result close
to optimal by the minimizing player and has the stability property.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applications),
Vol. 23, Optimal Control, 2005.
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In the concluding part of the paper, we give a brief description of publications devoted to computer
modeling by using the proposed control method.
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Main Notation

(1)  superscript showing that the set considered (matrix, function, etc.) refers to the initial dif-
ferential game;
(2)  superscript showing that the set considered (matrix, function, etc.) refers to the approximat-
ing differential game;
u  vector control action of the first player;
P constraint on the control action of the first player;
k  number of scalar components of the control action of the first player;
w;  module of constraints on the scalar component with number i of the control of the first player;
k
= Ui
i=1
vector control action of the second player;
constraint on the control action of the second player;
fixed instant of finishing the game;
terminal cost function;
Lipschitz constant of the cost function in the approximating game;
interval of the game;
=T x R", game space;
strategy of the first player;
step of the discrete control scheme of the first player;
set of admissible program controls of the second player;
guarantee of the first player in the differential game;
value function of the differential game;
u-stable function in the approximating game;
level set of the function V(?);
,[t«,t*])  increment of the function V() on the closed interval [t,,t*];
auxiliary matrix function defined on the interval T
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column with number i of the matrix B®)(¢);
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Lipschitz constant of the function ¢ — B® (t);

i
maximum among the numbers 3;, i = 1, k;

o 2

o;  maximum of the module |BZ-(3) (t)| on the interval T}
maximum among the numbers o;, ¢ = 1, k;
X(t,t*) integral characteristic of the difference between the dynamics of the initial and approximating
games;

II(i,t) switching “surface” corresponding to instant ¢ of the ith component of the control action;
I1_(i,t) the part of the space R™ lying to the negative side with respect to the “surface” II(i,t);
I1,(i,t) the part of the space R™ lying to the positive side with respect to the “surface” II(i,t);

U  multivalued strategy of the first player defined on the basis of the sets II(i,t);

) geometric r-neighborhood of the “surface” I1(i,t);
U”  multivalued strategy of the first player defined on the basis of the sets II"(i, t);
) c-neighborhood of the “surface” II(i,t);
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G reachable set of the control system;
int interior of a set;
C,? binomial coefficient with k and h;
G(B) subspaces spanned by the set B of finitely many vectors from R";
q(F)  the number of elements of a finite set F'.

1. Statement of the Problem and Formulation of the Main Results

1.1. Preparatory description of the problem. Let the linear differential game with a fixed termi-
nation time 1 be described by the relations

9(t) = BO(t)u(t) + CV(t)u(t),

y(t) €R", u(t) € PY, o(t) € QW5 AW (y(v)). -

Here, y(t) is the state vector, u(t) is the control action of the first player, v(t) is that of the second, and
the matrix functions B and CM) are piecewise continuous. It is assumed that the set P1) bounding
the control action of the first player is a “rectangular parallelepiped” in the space R¥, i.e.,

pPM = {ue RF : Jug| < g, i =1,k}.
In addition,

k
ni= ZM@ > 0.
=1

The set QY bounding the control action of the second player is assumed to be a convex compact set in a
finite-dimensional space. Let 4(1) : R” — R be a continuous cost function. The first player minimizes the
values 71 (y(9)) of the cost function, whereas the interests of the second player are the opposite.

Game (1.1) is said to be initial. The notation referring to it is equipped with the superscript (1).

Let us agree that initial instants o for game (1.1) belong to a closed interval T' = [1, 9], where ¥ < 9.
Let

Z =T xR"

be the game space.

An admissible open-loop control u(-) (v(+)) of the first (second) player is a measurable function of time,
t — u(t) (t — v(t)), such that for any ¢, it satisfies the constraint u(t) € P (v(t) € Q). Let KM be
the set of all admissible open-loop controls v(+) of the second player.

Following [29], as admissible strategies of the first player, we consider arbitrary functions U : (¢, x) —
U(t,x) defined on the set Z with values in P We denote by y(l)(';to, xo, U, A,v(+)) the step-by-step
motion of system (1.1) from the position (%o, zp) when the first player applies a strategy U in the discrete
control scheme [29] with step A > 0 and a control v(+) is realized for the second player. We set

T (tg, 20, U, A) :=  sup AV (D (05 tg, 20, U, A, v(-))). (1.2)
v()eK®

The quantity F(l)(to, xo, U, A) is a guarantee that the strategy U ensures to the first player for the initial
position (tp,zo) in the discrete control scheme with step A. The best guarantee of the first player for the
initial position (¢, z¢) is defined by the formula

T (tg, z0) := min Iim TW (tg, 20, U, A), (1.3)
U A—0
where lim means the upper limit. In [29], it is shown that minimum in U is attained. Note that, according

to formulas (1.2) and (1.3), the dependence of the optimal strategy of the first player on the initial position
(to, o) is not excluded.
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It is known [29, 30] that the best guaranteed result r® (to, xo) coincides with the symmetrically defined
best guaranteed result of the second player. Therefore, I‘(l)(to, xp) is also called the value of the value
function at the point (to,xo).

In this paper, we will show that, under certain additional assumptions in game (1.1), there exists a
universal optimal strategy U* of the first player stable with respect to the error of its numerical assignment.

The universality means that the strategy U* is optimal for all initial positions (to,zo) € Z. It should
be stressed that we are speaking about the universality in the “rigid” sense: the strategies considered are
functions of only ¢, z. In the class of strategies additionally depending on a certain “accuracy parameter,”
the existence of optimal universal strategies was proved in [28] for a wide class of problems.

In this paper, we define the universal optimal strategy (¢, x) — U*(¢, x) using “switching surfaces.” At
each instant of time ¢, with each component u;, ¢ = 1, k, of the control action u, we associate its own
switching surface. To one side of the switching surface the control u; assumes the value —u;, and to the
other side it assumes the value +u;. On the switching surface itself, the value of the control u; can be
arbitrarily chosen from the closed interval [—p;, f;].

The problem on the existence of optimal universal strategies in differential games was briefly discussed
in [29, p. 48], and it became topical after [42], in which the example of a game problem in which there is
no universal strategy was presented. In [9, 10], it is shown that for linear differential games of the form
(1.1), but in the case where the set P() is a segment (i.e., the control action u is scalar), there exists a
stable universal strategy of the first (minimizing) player, and it can be given by using switching surfaces
varying in time. In [46, 47, 49, 50], it was proved that if the set Q1) is a segment (i.e., the control action
v is, in fact, scalar), then there exists a universal optimal strategy of the second (maximizing) player, and
it also can be given by the switching surfaces. However, such a strategy has no stability property. The
influence of the loss of stability was demonstrated by using computer modeling in [49].

The constructions proposed in the paper generalize those described in [9, 10]. Another approach for
proving the existence of the universal strategy in the case of a convex cost function was sketched in [2].

The use of switching surfaces for constructing a feedback control is very natural from the engineering
point of view (for applications to game problems, see, e.g., [24]). The goal of the paper is to reveal the
conditions under which, in the class of differential games considered, we obtain an optimal and stable
control method.

As in [9, 10], we accept the following scheme of arguments. Orienting ourselves toward computer
constructions, we replace the initial differential game by a convenient approximating game for which
it is possible to construct a certain u-stable [29, 30] function or even the value function of the game.
Processing such a function, we obtain switching surfaces. We apply the found switching surfaces in the
initial differential game for defining the universal strategy of the first player. We estimate the guarantee
of the first player that he ensures by applying the constructed universal strategy. As a consequence of
such an estimate, we obtain the result concerning the existence of the universal optimal stable strategy
in game (1.1).

This paper was published earlier as a preprint [37]. The result concerning the case of a scalar control
of the first player was described in [36].

We make a comment on the writing of the dynamics of the linear differential game in the form (1.1).
The specific character of this notation is that the state variables do not enter the right-hand side. Let the
linear differential game with a fixed time of termination ¢ have the form

y(t) = A(t)y(t) + Bt)u(t) + C(t)v(t),
y(®) e R™, u(t) e PY, o(t) € QWi A(y(9)).

Assume that the cost function ~ is determined only by values of certain n coordinates, n < m, of the
state vector at the termination instant. Then the passage to (1.1) is performed [29, p. 160], [27, p. 354]
by using the standard transformation

y(t) = Xn,m("g’ t)y(t),
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where X, (0, t) is the (n x m)-matrix composed of the corresponding n rows of the fundamental Cauchy
matrix for the system y(t) = A(¢)y(t). In this case,

BW(t) = Xm0, 6)B(t), CV(t) = Xpum(9,)C(t), vV (y(®)) =v(y®)).
1.2. Approximating game. Along with game (1.1), we consider one more game

9(t) = BP (tyu(t) + CP ()u(t),

y(t) eR™, u(t) e PP =PW  ot) e Q¥; 1D (y(v)) 4

with a fixed time of termination ¥. We will interpret game (1.4) as an approximation of game (1.1) that
is convenient for calculations. Here, y(t) is the state vector and the functions B®) and C'®) are piecewise-
continuous. The set P(?) = P(1) bounding the control action of the first player is the same as in game
(1.1), and the set Q®@ is a compact set in a finite-dimensional space. The cost function v : R” — R is
assumed to be Lipschitz with constant A and satisfies the condition 4(?)(x) — 0o as |z| — co. The first
player minimizes the values of v (y(19)), and the second player maximizes them.

The belonging of one quantity or another to the approximating game is indicated by the superscript
(2). Admissible controls u(-) and v(+) of the first and second players are defined similarly as for those for
game (1.1). Denote by K the set of all open-loop controls v(-) of the second player.

We assume that in the framework of the approximating game (1.4), a certain continuous u-stable
function V® : Z — R satisfying the boundary condition

V(2)(19,a:) = 7(2) (x), xeR",

is constructed. According to [29, 30], a function V(%) is said to be u-stable if for any position (t.,z.) € Z,
for any t* € (t,,9], and for any v(-) € K®), there exists an admissible open-loop control u(-) of the
first player such that for the motion y® (t) = 3® (¢;t,, z., u(),v(-)), the inequality V@ (t*,y3)(t*)) <
V®(t,,z,) holds.

Assume that the function V3 is Lipschitz-continuous with constant A. If V() is the value function
of game (1.4), then the Lipschitz property follows [41, pp. 110-111] from the condition imposed on the
function (2.

Z.(?’), i = 1, k, satisfies the Lipshitz condition
with constant ;. Substantively, the function B®) can be treated as a Lipschitz approximation of the
functions B and B®). Denote

Let B®) be a matrix function on T each of whose columns B

B :=max 3;; o0 := maX\Bi(S)(t)’a i=1,k; o0:=maxo;.
i=1k teT i=1,k

Assume that 8 > 0 and o > 0.

1.3. Condition 1. Let us formulate the requirement on the function V&, which then allows us to
introduce switching surfaces.

Condition 1. For any i = 1,k and any t € T such that Bi(g) (t) # 0, the restriction of the function
V(t,-) to any line in R” parallel to the vector BZ-(S) (t) is a function whose set of minimum points is
a segment (possibly consisting of a single point) and which is strictly monotone to both sides of this
segment.

In particular, Condition 1 holds if for any ¢ € T, the function V() (¢, ) is convex. In the case where V(%)
is the value function of the approximating game (1.4), to ensure the convexity of the function V®)(t,),
t € T, it suffices to require the convexity of the cost function (%),
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1.4. Switching surfaces. Multivalued function UO. Introduce the following notation. For any
i=1,kand (t,z) € Z, we set

A(i,t,x) ={z€R":z=a+ ozBi(g)(t), a € R}, (1.5)
V(i,t,z) ;== min V®(t,2). (1.6)
z€A(i,t,z)

If B, 3)( t) # 0, then the set A(i,¢,x) is the line in the space R" passing through the point = parallel to

the vector Bi( )( t). In this case, V(i,t,x) is the minimum value of the function V2 on the line A(i, ¢, z).
The minimum is attained because of the continuity of the function V(2 (t,-) and the fact that it tends to
oo as |x| — oo. By Condition 1, the set of minimum points is a segment, which can consist of a single

point. If Bi(?’) (t) = 0, then the set A(i, t, z) is degenerate and coincides with the point z. In this case, the
value of V(i,t,z) coincides with V) (¢, z).
Further, for all i = 1,k and t € T, let
(i, t) ;= {x e R" : VO (t,2) = V(i, t,x)},
II_(i,t) :={z € R" : z + aB, 3)(t ¢ I1(i,t), Ya > 0}, (1.7)
I, (i,t) == {z € R" : 2 + aB (¢) ¢ 11(4, ), Ya < 0}.
Therefore, the sets II_(4,t), TI(4,t), and II,(i,t) are defined on the basis of the function V() (t,.)

and the vector Bi(?’) (t). The sets II_(i,t) and II, (4,¢) in the space R™ lie on different sides of the set
I1(i,t). It follows from Condition 1 that for any (t,z) € Z, the function V(?)(¢,-) monotonically increases

(
®3)

(monotonically decreases) in the direction of the vector BZ@ (t) on the intersection of the line A(i,t, x)
with the set T1_(4,¢) (I1y(7,t)).
For each i = 1, k, on Z, we define the scalar multivalued function

{—wi}, 2 ell_(i,1),
Ul(t @) = ¢ {ui}s x € I, (i, 1),
[—pis ], € 11(4, ¢).

The function UY(¢,-) assumes the extreme values from the segment [—pu;, i1;] in the sets I1_(i,¢) and
I14(i,t) and “switches” from one extreme value to another in the set II(i,t). Although the set I1(7,t) is
not a surface in the space R” in the conventional sense, for clarity it will be called the switching surface
for the ith component at the instant of time ¢.

On Z, we introduce the multivalued function

Uy (¢, )

1.5. Sets II"(i,¢). Multivalued function U”. Let us continue the introduction of notation for the
formulation of the main result of the paper.

Let r > 0. In the case BZ-(g)(t) # 0, we set
3
B! )(t)
3

B @]

The set H’“( t) is a geometric r-expansion of the set II(4,¢). The expansion is performed by using the

vector B (t) The set II"(7,¢) will also be called the r-neighborhood of the surface I1(4,¢). If Bi(s) (t) =0,
we take HT( i,t) =11(i, t) = R™.

1" (i, t) :== {xER” x=z+a——, z €ll(i,t), |oz]§r}.
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Introduce the sets

—

" (i, ) := {x € R : 2 + aBP(t) ¢ 11" (i, 1), Ya >0},
I, (i,t) == {z eR" : = —|—aB-3)(t) ¢ 11" (i, 1), Yo < 0}.

—

~

The set I1” (4,t) (II', (4,t)) is the part of the space R™ located (with respect to II"(i,t)) to the (opposite)
direction of the vector Bi(g) (t). Obviously,
" (i,t) c I_(i,t), I’ (4,t) C ILy(4,¢).
For r = 0, we have II"(,t) = I1(4,t), 1" (i,t) = I1_(4,t), and II", (4, t) = 114 (4, 1).
For each i = 1, k, on Z, we introduce the scalar multivalued function
{_Mi}7 HAES HC<Z7t)7
Uj(t,x) :== < {wi}, x eIl (i,1),
[_M’inui]v UAES Hr(ivt)‘

Further, on Z we define the vector multivalued function

=
NS
e
~
8
SN2

Ui (t, )

1.6. Condition 2. Let us formulate one more additional condition.
Let I be the set of subscripts 1, k, and let F' be an arbitrary subset of I. For any (¢,x) € Z, we set

A(F,t,x) := {z eR":z= $+ZaiBi(3)(t), o; € R} ,
i€l

V(F,t,z) = Zeir(l}:nt o VA (t, 2).

(1.8)

The set A(F,t,x) is a plane in the space R™ passing through the point z. The plane is generated by the
(3)
i
this set. In formula (1.8), the minimum is attained by the properties of the function V(Q)(t, -). Moreover,
the set of minimum points is a compact set.

Forall FC I andteT,let
(F,t) == {z e R" : VO (t,2) = V(F,t,z)}.

set of vectors B;”(t), ¢ € F, and its dimension is equal to the number of linearly independent vectors of

It is easy to see that if Fy C Fy, then II(Fy,t) C II(Fy,t). In particular, for any i € F', we have
II(F,t) C II(i, t).

Hence

TI(F,t) C ) TI(4, ).
i€EF
The additional assumption on the problem consists of the requirement that the inverse inclusion hold.

Condition 2. For any t € T' and any subset F' C I, the following inclusion holds:

(I, t) C TI(F, ).
iEF
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Condition 2 holds in the case where the set P is a segment, i.e., in the case of a scalar control of the
first player. In the non-scalar case, Condition 2 means that any point common for “individual” surfaces
I1(3,t), ¢ € F, lies in the set II(F,¢).

We will also use the notation A(F,t,z), V(F,t,x), and II(F,t) for the case F' = @&. Let us agree that

Ao, t,z) =z, V@t z):=VAt ), I(2,t):=R"

A substantive explanation of this can be the following. Let us add the component u, to the components
ui, 1 = 1, k, of the control action, but in this case we set

1 2 3
B0 = BZL (1) = B (0 =0.
Then for F' consisting of one subscript k + 1, we have
A(F t,z) ==z, V(Ftz)=V3(tz), T(Ft)=R"

Such F' in the imaginary expanded set of components of the control action is equivalent to the empty set
in dealing with the initial set of subscripts of components of the control action.

1.7. Formulation of the main results. For any instants ¢, and t* from the interval T', we set

(s Zu / (1B 0) - B ()] + |BO(1) ~ B (1) )

t

+/max [max M (t)g — max £'CP(¢) } dt.

LER™ qEQ(l) qGQ(Q)

. <1

The quantity x(t.,t*) characterizes (in the integral sense) the difference between the functions BZ-(l), Bi@),

and Bi(?’) for each i = 1,k and also between the functions C) and C'® and the sets Q) and Q). The
prime means the transposition.

It is assumed that the initial positions of system (1.1) belong to a certain compact set ) in the game
space Z; by the symbol M, we denote a compact set in R"™ that estimates from above the set of possible
states of system (1.1) at the instant ¥. Let us agree that

71 = /@] = max |y (2) — 7P ().
In the paper, we will prove the following assertion.

Theorem 1. Let the conditions imposed on systems (1.1) and (1.4) and also on the functions V® and
B®) | including Conditions 1 and 2, hold. Then for any e > 0, there exist positive numbers () and A(e)
such that for any strateqgy U of the first player that is a single-valued selection of the multivalued function

"(8), for any initial position (ty,zo) € Y, and for any step A < A(e) of the discrete control scheme, the
following estimate holds:

D) (tg, 20, U, A) < VO (tg,0) + & + Mx(to, 9) + [ =12 . (1.10)

Let us give some elucidation of the theorem. Performing the constructions in the framework of the
approximating game, we know the value V3 (tg, ) of the function V() at the initial position (to, o).
Therefore, on the right-hand side of estimate (1.10), we have V) (ty, o). The distinction between the
dynamics of the initial and approximation games and also the distinction of the function B®) from the
functions B! and B are taken into account by the quantity x(to,?). The summand [y —~®)]||
characterizes the difference between the cost functions. The switching sets HT(E)(i, t),i=1,k, t €T, for

the multivalued function U"(®) are defined through constructions realized by using the functions V2 and
B®).
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On the whole, the right-hand side of (1.10) estimates the guarantee of the first player in game (1.1)
when it uses (with step A) an arbitrary single-valued strategy U that is a selection of the multivalued
function U,

Since for any i = 1,k and t € T, the inclusion I1(i,t) C () (i,t) holds, it follows that outside the set
H"(e)(i, t), the strategy U coincides with the function U° defined by using the surfaces I1(i,¢). Let U" be
a certain single-valued selection of the multivalued function U°?. We obtain from what was said above
that the action of the strategy UY performed with componentwise errors in the sets II"(¢) (i,t), i = 1,k,
t € T, is also estimated by the right-hand side of (1.10). Therefore, we can speak about the stability of
the strategy U with respect to the inaccuracy of construction of the surfaces I(4,t) or with respect to
the informational errors of measuring the state of the vector y(t) with respect to the surfaces I1(i, ).

Assume that the approximating game coincides with the initial game and the function B®) coincides
with the function B(Y). Then x(tp,9) = 0 and ||y —~4(2)|| , = 0. Moreover, as a u-stable function V%),
let us use the value function I'V) of the initial state, and let Conditions 1 and 2 hold. As a result, we
obtain

F(l)(to,xo, U,A) < V(l)(to,xo) +e.

This means that any single-valued strategy U° defined by using the surfaces I1(i, t) is a universal optimal
strategy in game (1.1) and has the stability property.

Therefore, if the function B and also the cost function (1) satisfy the Lipschitz condition, the
switching surfaces I1(¢,t), i = 1,k, t € T, are constructed in the framework of the initial game (1.1), and
Conditions 1 and 2 hold, then as a universal optimal strategy U*, we can take the strategy U°.

The proof of Theorem 1 for § > 0 is given in Secs. 2-8. The case # = 0 is analyzed in Sec. 9 and uses
the results of Secs. 2 and 3.

Theorem 1 gives no method for choosing the numbers r(¢) and A(e). Therefore, estimate (1.10) is not
constructive.

In the case k = 1, i.e., when the control action u of the first player is scalar and satisfies the constraint
|u| < p, we can give an explicit estimate of the guarantee of the first player. In Sec. 10, we will prove the
following assertion.

Theorem 2. For k =1, let the conditions imposed on systems (1.1) and (1.4) and also on the functions
V@ and B, including Condition 1, hold. Let v >0 and A > 0. Then for any single-valued strateqy U
of the first player that is a single-value selection of the multivalued function U™ and for any initial position
(to,xo) € Y, the following estimate holds:

T (tg, 20, U, A) < VO (tg, 0) + 20/ (20 1A + 1) Bu(d) — to)
+ AN A + A+ Ax(to, ) + |7 — 4P,

2. Main Lemma

2.1. Concept of nearness of a given vector to a set of other vectors. Let ( > 0. We say that a
vector a € R™ is (-close to a set of vectors b; € R", i = 1,s, s > 1, if the module of the projection of the
vector a on the orthogonal complement in R™ of the linear subspace spanned by the vectors b;, i = 1, s,
does not exceed the number (.

A vector a € R"™ is said to be (-small if |a| < (. Therefore, the (-smallness of the vector a means its
(-closeness to the zero vector.

For F C I, >0, and t € T, by the symbol H(F,(,t) we denote the set of all subscripts j € I \ F for

each of which the vector B](-3) (t) is ¢-close to the set of vectors Bi(?’) (t),1 € F. If F = @, then H(F,(,t)
means the set of all j € I for each of which the vector B](-g) (t) is ¢-small.
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2.2. Formulation of the lemma and comments. For two compact sets X and Y in R”, let

d(X,Y) := in |z —
(X,Y) gggl;gg!w yl

be the Hausdorff deviation of the set X from the set Y. We set
o
GOt t") = COyo(t)dt, i=1,2.
v()EKW ¢,

The sets Gq(,l)(t*, t*) and G (t«,t*) are convex and compact. The following estimate holds:
t*
d(GW(t,, %), GP (t,, ") < [ max [max M (t)g — max £'CP(t)q| dt. (2.1)

1< |qe@™ g€Q®
t*

We denote by G (¢, ¢, x,) the reachable set of system (1.1) at the instant ¢ for the initial state z, at
the instant ¢, and for all admissible open-loop controls u(:) and v(-) on the closed interval [t,,].
Similarly, we denote by G®)(t,t,,z,) the reachable set of system (1.4) at time t. We set

Gt by, ) = G (¢, by, 1) + B(2(t — t.)op).

Here, B(r) is the ball of radius r in R"™.
The lemma formulated below is said to be the main one.

Lemma 2.1. Let (ts,z4) € Z, >0, and t, + 6 < 9. Fix a set F C I and a number ¢ > 0. Choose a
certain set H C H(F,(,t.+9). Assume that for alli € I\ (FUH), t € [t.,t«+ 0], the following relations
hold:

Gt ty, ) NI(0,t) = @, GPR(t 6y, 2,) NTI(i,t) = @. (2.2)

Further, assign a number w € [0,6], and let y*)(-) be the motion of system (1.1) with respect to admissible
open-loop controls u(-) and v(-) starting from the point x, at the instant t., and, moreover, for any
i€ I\(FUH) and any t € [ty + w,t, + 0], in the case x, € 11(i,t,) let the relation u;(t) = p; hold, and
in the case x, € II_(i,t4), let the relation wu;(t) = —p; hold. Then the following estimate holds:

k
V(F te+ 0,51 (b, +0) VO (b, 2.) + 207D B
i=1 (2.3)

+2X(0 Z i + 2 w Z oitti + AX(ts, te +0).
i€eH i¢ FUH

The meaning of this assertion consists in that V(F,t. + 6,y(*)(t, + )) does not considerably increase
as compared with the value of the function V2 at the position (t«, xx), despite the fact that on the
closed interval [t.,t. + d], for subscripts i € F, an arbitrary admissible control u;(-) acts. For subscripts
J € H, the control u;(-) is also arbitrary. In the case i ¢ F'U H, it is assumed that on the closed interval
[t« + w, t.d], a constant “regular” control of the first player, corresponding to the part of the space with
respect to the surface I1(¢, ¢,) in which the point z, lies (i.e., in I (7, t,) or II_(i,¢4)), acts. By condition,
the motion y(1*)(¢), emanating from the point z. ¢ T1(i,t,), i ¢ F U H, at time t, cannot enter II(i,t) for
any t € [ts,t. + 9.

2.3. Proof of the lemma. By the symbol WC(Q) we denote the level set (Lebesgue set) of function 174
corresponding to the number c¢. The section at instant t is denoted by WC(Q) (t).
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For the control v(-) € K given in the condition of the lemma, in the set Gg,l)(t*,t* + 0), we define

the point
ty+0

gi= / O (D)ot dt.
t
Let g be the point of the set G (ts,ts + 0) nearest to it. Choose () € K® such that
tit+0
G = / @ (15 (1)dt.
t
We set ¢, := VO(t,,z,).
Using the u-stability of the function V()| for the control T(-), we find @(-) such that for the motion

y ) (t) ==y (t;t,, z,,7(-),(-)) emanating from the point x, at the instant of time t,, the following
inclusion holds:

y@) (t. +8) € W (t, + ). (2.4)
1. Denote
tutd [ t«+90 tutd
Jp = / BW (tyu(t)dt — / BOmya(t)dt, Jy = / cO t)y(t)dt — / CO(4)5(t)dt.
tx tx tx Tx
Then
gt +8) — y®I (b, +6) = Ty + o
We have
e teto g teto
n=Y [ (80— 0= [ (820 - B0 0)uwmd
=14, =1
o tetd
3 [ (B0 - BO +0) (wt) - @) de (25)
=1 4,
& tutd
#2800 [ (- o),
=1 £
Jo=9—7. (2.6)

2. For each i ¢ F'U H, on the closed interval [t.,t, + d], we introduce an auxiliary constant control
U (+) equal to the constant value of the control u;(-) on the closed interval [t, + w, . + J].
Denote

[
sy )+ S B +0) / (i () — (1)) .
i¢ FUH z

Using estimate (2.1) and the assumption on the form of the control u;(-) on the closed interval
[ts +w,te + 0], 7€ T\ (FUH), we prove that

VO (t, +6, 2) <VO(t, 46,42 (¢, + ). (2.7)
Indeed, the assumption

GV (t b,z ) N(i,t) =@, i¢ FUH, € [ty tx+ 0],
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means that for each ¢ ¢ F'U H, any motion of system (1.1) either belongs to IIi(i,¢) on the whole
closed interval [t.,t. + &] or belongs to II_(i,t) also on this entire interval. The first case arises when
xx € I14(4,%4), and the second arises when z, € II_(i,t,). We obtain from the condition imposed on the
control action u;(t), i ¢ F'U H, that u.;(t) = u; in the first case and u.;(t) = —p; in the second.

We now turn to the condition

Gt ty, 2 )NIL(i,t) =@, i¢ FUH, t€ [ty ts+94].
This condition implies that for each i ¢ F'U H, the following inclusion holds in the case x, € 14 (4, %.):
GPe(t, +6,t,, x,) C I (i, by + 6),
and in the case z, € I1_(4,t,), the inclusion
G8(t, 40, t,,x,) C I_(i,t, +6)
holds.
Let us enumerate the subscripts ¢ ¢ F'U H in an arbitrary order: ij,is,...,4s. Take the first subscript
i1. Assume that z, € I1;(i1,t,). Then
Y@ (t, +0) € T (i, Ly + 0),
txt0
L=yt +0) + BY(t, + 6 = T Gh(t, +6 T (i 5
ziy = Y2 (b +6) + By (te +6) wi, — gy (1) )dt € (ts + 6, by, i) C I (i1, s + 6).
ts
Since pi, > U, (t), t € [ts, tx + 0], it follows from this that

VOt +6,2,) VOt + 6,42 (k. +9)).

We proceed analogously in the case z, € II_(i1,%), but now we use the inequality —pu;, < w;, (),
t € [te,t. + 9.

Let us pass to the second subscript i3. Assume that z,. € 114 (ig,ts). Then

Zi; € H_:,_(Zg,t* + (5),
t«+0
2y = 2y + B (b, + 6) / (i, — i, (£))dt € GOt + 6,4y, 2,) C Ty (ig, ts + 6).
t*
Since pi, > Ui, (t), t € [ts, t« + 0], it follows from this that
VO (t, +6,2,) <V (t, +6, 2,).

We proceed analogously in the case z, € I1_(ia,t,).

Continuing this process sequentially up to the last subscript is, we arrive at the following chain of
inequalities:

VOt 4+0,2) < VOt 46,21, ) <...VO(t, +6,2:,) <VO(t, + 6,y (t. +6)).
Therefore,
VO (t, +6,2) = VO (t +6,2,) < VOt + 6,y (£, +9)).

Inequality (2.7) is proved.

By (2.4), we obtain from (2.7) the inclusion

e WAt +9). (2.8)
3. Using the notation introduced by formulas (2.5) and (2.6), we have
titd
y It +6) — 2=yt +0) =yt +0) = D B¥(t, + 6) / (i (t) — T (t))dt
l%FUH ty
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tst0
=h+d— Y BI(t.+3d) / (usi(t) — W (t))dt.
Z‘éFUH t
By the symbol m we denote the operator of orthogonal projection of the space R™ on the subspace

orthogonal to the subspace spanned by the vectors BZ-(g) (t +0),1 € F.
Now we take into account that the modules of the controls u;(t) and w;(t) are bounded by the number

3)

; and each of the functions B;™ satisfies the Lipshitz condition with constant ;. Also, we take into
account that TFBi(S) (ts+06) =0 for i € F and any vector B](-g) (t++9), j € H, is (-close to the set of vectors

B®(t, +6),ieF.

We obtain
[
LY B¥(t, +6) / (i (t) — T3 (t))dt
’iéFUH e

txt+6

k
Z / (180 0) - BO )] + B2 (1) — BO (1)) e

tit+o

k
+62 Zﬁzuz + 2C5Z Wi + | Z Bi(?))(t* + (5) / (uz(t) — U*Z‘(t))dt .
i=1 i€H i¢ FUH i
By (2.6) and (2.1), we have
t«+0
|mlo| = |m(g—9)| < |g—7| < / max [max W (t)g — max £'C?(t)q| dt.
‘E‘Sl qu(l) qGQ(z)

[

Taking into account the definition of the functions w.;(t) on [t.,t. + d] and also the inequalities

IBO(t.+6) <o, i¢FUH,

we obtain
ti+6
Ty B¥(t, +6) / (ui(t) — usi(t)) dt
’L¢FUH ts
tetw
Z B t* +0) / (ui(t) — us(t))dt| < 2w Z Oilli-
¢ FUH iy ¢ FUH
Finally, we arrive at the inequality
k
lmy (M) (8, + 6) — 73| < 62 Z Bipti + 2¢6 Z i + 2w Z oitti + X(t, ts +6). (2.9)
i=1 icH i¢ FUH

Let Z be the point nearest to the set Wc(f) (t« + 6) on the plane A(F,t, + 6,y (t, + 6)). It follows
from (2.8) and the definition of the operator 7 that

d({z}, W (t, +0)) < |3 — 2| < |77 — n2] = |7y (8 4 6) — w2].
Therefore,

VO (t, +6,%) < o + AmyI) (b, 4 0) — 2] = VO (b, ) + MmyM (¢, + 6) — 7).
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With account for (2.9), the required inequality (2.3) follows from the inequality
V(F,t + 6,y (t. +6)) < VO (L, + 6, 7).

2.4. Remarks. 1. Consider the degenerate case where F' = &. In this case, the set H consists of
subscripts i = 1,k for each of which |B§3) (t« +6)| < (. Estimate (2.3) preserves its form, but

V(F, t, + 6,y (t, + 6)) = VO(t, 46,51 (¢, + ).

Therefore, in the degenerate case F' = &, we have

k
VOt 46,y (t +6) S VO, 2.) + 207D Bin
i=1 (2.10)
+2A¢0 Z i + 2w Z aipti + AX (s, ti + 6).
icH igH
2. Let the set F' be such that the number of linearly independent vectors Bfg) (t« +9),i € F, is equal
to n, i.e., coincides with the dimension of the space R™. Then

V(F, t, + 6,y (¢, +6)) = min VO(t, +6,2) < min VO (t,,2) <VO(t,, ).
zeR™ z€R"”

Therefore,

V(F, ty + 0,y (t, +6)) < VO(L,, z,).
Moreover, the controls u;(-),7 ¢ F', on the closed interval [t.,t. + J], as well as the controls u;(-), i € F,
can be arbitrary.

2.5. Estimate of the variation of the function V(2 in a particular case. Let us formulate an
assertion that follows from estimate (2.10).

Proposition 2.1. Let (ty,z.) € Z,t* € (t4,V]. Assign a number ¢ > 0 and choose a set of subscripts
H C I so that for any j € H and any t € [t., t*], the inequality ]B](-S) (t)] < ¢ holds. Let 0 < w < t* —t,,

and along the motion y(l*)(-) emanating from the point x,. at the instant ty, for any i € I\ H, either
y 1) (t) € Iy (i,t) on the closed interval [t.,t*] and, moreover, u;(t) = p; on [to+w, t*] ory(*)(t) € TI_ (4, 1)

on the closed interval [t.,t*] and, moreover, u;(t) = —p; on [t« +w,t*]. Then the following estimate holds
for any t € [t t*]:
VO @y 1 (@0) S VOt 20) + 2X(E— 1) D i+ 20w > gt + Ax (e, 1), (2.11)
i€H i¢H

Proof. Divide the closed interval [t.,t*] by instants ts, s = 1,e, t| = ty, t, = t*, with the step § so that
for any closed interval [ts,ts11], s =1,2,...,e — 1, of the obtained partition and for t € [ts,ts11], 7 ¢ H,
the following conditions hold:
G (t, e,y (t) NI (6, 8) = @, Gt ty, ) (t,)) N1I(i, 1) = @.
This can be done by using the assumption imposed on the location of y(l*)(t) with respect to the surfaces
(i, t), i ¢ H.
By (2.10), for each s such that ¢s > ¢, + w, we have the relation

V(2) (ts—i-l’ 3/(1*) (ts—&-l)) < V(Z) (ts; y(l*) (ts)) + )\52 Z ﬁzﬂz + 2)‘C6 Z i + )\X(t57 ts+1)~ (212)
=1 i€H

For s such that ¢s € [ts,t. + w], by (2.10) we obtain

VO (o1, g0 (teg1) < VO (b, g (8)) + A0 Biti +2X(6 Y pi+206 Y _ oiti+ Ax(ts, tsyr). (2.13)
i=1 icH i¢H
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Sequentially applying estimates (2.12) and (2.13) for s = 1,2,...,e — 1, we arrive at the inequality

k
V@, g () VO (L, ) + At = )0 Bi
i=1
F2XC(E = 1) > i+ 20w +6) > gt + Ax(ta, ).
icH i¢H
Passing to the limit as § — 0, we obtain estimate (2.11). O

Let us apply the assertion just proved to the case where all control actions w;(t), i = 1, k, are arbitrary

on [ts,t*] and a certain smallness of the vectors Bi(3)(t), i = 1,k, t € [ts,t*], specially specified, is not
presupposed. As the characteristic of smallness, we take
¢ = o = max| B (¢)].
i=1k
teT
The following assertion holds.

Proposition 2.2. Let (t,,z.) € Z, t* € (t.,¥]. Let the motion y1*)(:) on [t.,t*] emanating from the
point x, at the instant t. be generated by arbitrary admissible open-loop controls u(-) and v(-) of the first
and second players. Then the following estimate holds for any t € [t.,t*]:

VA, M (1) < VO, 2) + 22ou(t — b)) + Ax(te, 1) (2.14)

3. Sets II¢(F,t)

3.1. Definition of the sets II°(F,t). The sets II(4,t) introduced by formulas (1.5)—(1.7) have the
upper semicontinuity property in the argument ¢t. However, there cannot be lower semicontinuity in ¢
even in the case where the vector Bi(3) (t) using which we construct the set II(4,¢) does not vanish on the
interval T'.

The sets I1"(i,t) are a geometric r-extension of the sets II(7,t), and, therefore, they are also upper
semicontinuous in ¢, but there can be no lower semicontinuity. Therefore, unfortunately, we cannot speak
about the continuous variation of sets II"(4,¢) in the argument .

In this connection, we consider one more variant of extension of the sets II(7,t), but using only the
quantity ¢, which, in contrast to r, means not the distance in the direction of the vector Bi(s) (t) or in the
opposite direction but the overfall of values of the function V). Precisely, for all i = 1,k, t € T, and
c >0, we set

(i, t) := {x € R": VO(t,2) — V(i,t,z) < c}. (3.1)
For ¢ = 0, we have I1°(,t) = I1(i, ¢).

We agree to call the set I1°(4, ) a c-neighborhood of the surface II(i,¢) and distinguish it from the set
I1"(i,t), i.e., from the r-neighborhood of the surface II(i,t).

Also, we will need the sets

I°(F,t) .= {z € R" : VOt z) = V(F t,z) < c}, (3.2)

which will be considered for all F C I, ¢t € T and ¢ > 0. Formula (3.1) is a particular case of (3.2), where
F' consists of a single element.

If ¢, < ¢, then

1% (F,t) C int 1€ (F, t).

Here, int is the interior of a set.

Below we will show that if for any ¢ from a certain closed interval 7 C T, the vectors BZ-(?’) (t),i € F,
are linearly independent, then the function (¢,x) +— V(F,t,x) is continuous on the set 7 x R"™. We will
prove the upper semicontinuity property of the sets I1¢(F,t) for ¢ > 0, t € T. We will prove that if on
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a closed set 7 C T, the vector BZ.(?’) (t) does not vanish, then the multivalued function (c,t) — II¢(4,t) is
continuous for ¢ > 0, t € 7.

3.2. Continuity of the functions V(F,-,-). In this subsection, we will prove the following assertion.

Lemma 3.1. For any set F' C I, the upper semicontinuity property of the function (t,z) — V(F,t,x)

holds on the set Z. If, for a certain closed interval T C T, the vectors BZ-(?’)(t), 1 € F, are linearly
independent for any t € T, then the function (t,z) — V(F,t,x) also has the lower semicontinuity property
on the set T x R".

Proof. Preparatorily, as an obvious fact, we note the lower semicontinuity property of the function (¢, z) —
A(F,t,x) on the set T'xR™ and its upper semicontinuity on the set 7 x R under the additional assumption
on the linear independence of the vectors BZ-(?’) (t),i€ F, foreach t € 7.

1. In the set Z, we consider an arbitrary sequence (t,,z,) — (t*,2*). Let us show that

lim V(F,t,,x,) < V(F,t*2%). (3.3)

n—oo

Let a point z* on the plane A(F, t*, 2*) be such that V(2 (t*, 2*) = V(F, t*, 2*). The lower semicontinuity
of the function A(F, -, ) implies that for each n = 1,2, ..., there exists z,, € A(F, t,, z,) such that z, — z*.
For example, we can take

o =0+ Y OB (L),
i€EF
where the coefficients b}, ¢ € I, satisfy the relation

o=+ Y GBI,
ieF

Since V(F, ty, 2n) < V3 (t,, 2,), it follows that
im V(F,tn,z,) < lim V@ (t,, 2,) = VA (¥, 2%) = V(F, t*, z").

n—oo

Therefore, relation (3.3) expressing the upper semicontinuity of the function V(F,-,-) is proved.

Now let us assume that the vectors BZ-(?’) (t), i € F, are linearly independent for any ¢ from the closed
interval 7 C T. Choose an arbitrary sequence (t,,x,) — (t*,2%), (tn,z,) € T x R™. Let us prove the
inequality

lim V(F, tp,zy) > V(F, t",z"). (3.4)

n—oo
For each n =1,2,..., let a point z, on the plane A(F,t,,z,) be such that 174 (tn,zn) = V(E, tn, ).
A. We first prove the boundedness of the sequence z,. The boundedness property is a consequence of
an infinite growth |y(?) ()| — oo of the cost function v as |z| — oo.
We have V) (t,, z,) — V@ (t* 2*). Given a function £ > 0, we choose a number N such that the
following inequality holds for n > N:

VO (b, 2) < VO, 2%) + k.

Consider the level set Mg) = {z € R": v (z) < k*} of the function ¥ corresponding to the number
w* = V@ (#*, 2*) + k. The set Mg) is bounded. But then, uniformly in ¢ € T', the set W,_,Eg) (t) is bounded.
Since z, € Wg) (tn), it follows that the sequence z, is bounded.

B. From the sequence z,, we extract a convergent subsequence zj realizing the lower limit
lim V(Q)(tn,zn). Let 2z — Z. Then

n—oo

lim V(F,ty, x,) = lim V3 (t,,2,) = lim VO (4, 2) = VA (#*, 7). (3.5)

n—oo n— oo k—o0
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By the assumption of the linear independence of the vectors B® (t), i € F, for each t € T, we have

(2

the upper semicontinuity property of the function A(F),-,-) on the set 7 x R™. Therefore, the conditions
21 € A(F, t, z)) and zp — Z imply the inclusion z € A(F, t*, z*). Hence

VA (t* 2) > V(F,t*, z").
As a result, taking into account (3.5), we have

lim V(F,tn,z,) = VA (*,2) > V(F, t*, 2%).

n—oo

Therefore, relation (3.4), which means the lower semicontinuity of the function V(F,-, ), is proved. =~ [

3.3. Upper semicontinuity of the mapping (c,t) — II°(F,t). Continuity of the mapping
(c,t) — TI¢(4, t).

Proposition 3.1. For any set F' C I, the mapping (c,t) — II°(F,t) is upper semicontinuous on the set
c>0,teT.

Proof. Fix arbitrary ¢* > 0 and t* € T and consider arbitrary sequences ¢, — ¢* and t, — t*. For each

n =1,2,..., choose z, € II°(F,t,) and assume that z, — z*. Let us show that z* € II¢ (F,t*). This
means the upper semicontinuiuty.
We have

VO (b, 20) = V(Fotnszn) < en = VO(tn,20) < o + V(F, tn, 20).

Taking into account the upper semicontinuity of the function V(F, -, ), we obtain from this that
VA @, 2 = lim VO (t,,2,) < lim ¢, + Gm V(F, t,, 2,) < ¢ + V(F, t*,2%).
n—oo n—oo n—oo

Therefore,

VA, 2%) = V(F, t*, 2*) < ¢
Hence 2z* € TI¢ (F, t*). O
®3)

Lemma 3.2. Let i € I, and on a certain closed interval T C T, let the vector B;”(t) do not vanish.

Then on the set ¢ > 0, t € T, the mapping (c,t) — II°(i,t) is continuous.

Proof. Taking into account Proposition 3.1, we see that it suffices to prove the lower semicontinuity of
the mapping (c,t) — I1°(4,¢) on the set ¢ > 0, t € 7.

Let ¢* > 0, t* € 7, and certain sequences ¢, — ¢* and t, — t*, where t, € 7, be given. Take an
arbitrary z* € II° (i, t*). Let us show the possibility of choosing z, € II°*(i,t,) such that z, — z*. This
means the lower semicontinuity.

Define a point y* € A(i,t*, z*) such that V) (t*, y*) = V(i,t*, 2*). We have V) (t* y*) < VA (¢, 2%).

1. Consider the case where V) (t*,y*) < V2 (¢*, 2*). Then y* # z*. Note that for any point z on the
line passing through y* and z*, the relation V(i,t*, z) = V(i, t*, 2*) holds.

Fix a positive k < ¢*. Using the continuity of the functions V(i,-,y*) and V) (.,y*), we choose a
number N such that the following inequalities hold for any n > N:

V(i tn,y") = V(i, 1" y") — g VO (ty,y") < VO, y*) +
Then for n > N , we have
V(z)(tn,y*) —V(iytn,y") < V(Q)(t*,y*) + g —V(,t"y") + g =kr < cp,.

Therefore,

VO (tn,y*) = V(i tn,y*) <cn, n>N. (3.6)

Further, we assume that n > N.
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On the closed interval [y*, z*], we consider points z for which
VO (b, 2) = V(i tn, 2) < cp. (3.7)

By (3.6), there exists at least one such point z = y*. Using the continuity of the functions V3 (t,,-)
V(i,tn, ), among the points z € [y*, z*| satisfying (3.7) we choose a point nearest to z* and denote it by
zn. Note that if z, # z*, then for such points, we have the equality in (3.7).

Let us show that z, — 2z*. Assume the contrary, i.e., let there exist a subsequence z; — 2, Z # z*. We
assume that zp # z* for any k. Then using the subscript k£ instead of the subscript n and the symbol zg
instead of z in (3.7), we obtain the equality. Precisely,

V(Q) (tk, Zk) - V(Z, tk, Zk) = Ck.- (3.8)
We set
n:= VO, 2% - v 2).
Taking into account Condition 1 and the inequality V& (t*,y*) < V& (t*, 2*), we have > 0. Choose
N such that the following inequalities hold for any k& > N:

=3

V(i tg, zi) > V(i,t5,2) — — = V(i,t",2") —

)

(3.9)

Ses

4
VO (ty, 2) < VO(t,,2) + cp > — -

=3
W

Using (3.8) and (3.9), we obtain
VO 2% = V(i,t*, 2*) = VO, 2°) = VO (L, 2) + VO(1,, 2)
VO (ty, 21) + VO (b, 21) — V(i tis 2) + Vit 21) — V(i) t5, 2%)

n n n « 1 n « N
>p— 2 _ Iy _ T :
A L e B
The inequality
V(Q)(t*,z*) _ V(i,t*,z*) > ¢ o+ Z

contradicts the inclusion 2* € II¢ (i, t*).
Therefore, we have proved that z, — z*. Moreover, z, € I1° (i, t,).
2. Consider the case where V) (t*,y*) = V2 (¥ 2*). We have

VOt 2%) = V(i t*, 2*) = 0.

Using the continuity of the functions V(Q)(-, z*) and V(i, -, 2*), we choose N so that the following inequal-
ities hold for any n > N:

V@ (L, 2*) = V(i t, ) < % e > %

Then
VO (t,,2%) = V(i tn, 2*) < cn.

The latter inequality means that z* € I1°(i,¢,) for n > N. Therefore, in the desired sequence, we can
take z, = 2z* for n > N. O

3.4. Assertion on the zero distance between the part of the set I1°(§,t) located outside
the set II°(F; U Fo,t) and the set I1°*(Fo,t). Let us formulate a consequence of Lemma 3.1 and
Proposition 3.1. In this case, the symbol d means the distance between two sets:

d(A,B) :=inf{la—bl:a€ A, be B}.
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Lemma 3.3. Let F' C I be a certain set consisting of more than one element and let T be a closed

interval in T. Assume that the vectors BZ-(?’) (t), i € F, are linearly independent for any t € T. Fiz a

number ¢ > 0. Decompose the set F' into disjoint subsets §1 and Fo. Then for any bounded set X C R",
there exist positive numbers c, and ey such that

d ( <HC* (F1,t) N X) \ int II°(F, £), TI° (o, t)) > e,

forallteT.

Proof. Assuming the contrary, we choose subsequences of positive numbers ¢, — 0 and e, — 0 and then
sequences t, € 7 of instants of time and points

Z1n € (HC" (31, tn) M X)\ int HE(F, tn), Zom € 1 (32, tn)

so that |21, — 22| < €5,. Using the boundedness of the sets 7 and X, we extract convergent subsequences
tr — ty and z1; — z«. For the corresponding subsequence z9; of points zo,, we obtain zop — 2.
By the upper semicontinuity of the mappings (¢, t) — I1°(F1,t), (¢, t) — 11¢(F2,t), we have

Zx € H(Sl,t*), Zx € H(%Q,t*).
Then, using Condition 2, we conclude that z, € II(F,t,), and, therefore,
VO (t,, 2.) = V(F, by, 2,). (3.10)

Using the continuity of the functions V(2 and V(F,-,-) on T x R™ we choose a number N such that
the following inequalities hold for & > IV:

VO (b, 215) = VO (t, 2)| < (3.11)

’V(F, tk, Zlk) — V(F, t*, Z*)‘

IN
Aol | ol

(3.12)
Based on relations (3.10)—(3.12), for kK > N we obtain
V@ (ty, z11) — V(F, ty, 21z)
= VO (ty, 211) — VO (i, 22) + V(F s, 20) — V(F, e, 211)

<Vt 218) = VOt 2)| + [V(F sy 20) = V(E g, 218)| < 25

| ol
N Ol

The inequality

V(2)(tk7zlk) - V(Fa tkazlk) S ) k Z N7

N[ Ol

means that
21 € I2(FLty), k> N.

Since II%/2(F, t;,) C int II°(F, t;,), we obtain a contradiction with z1j, ¢ int II°(F, t;,). O
3.5. Multivalued function U¢. For ¢>0,i=1,k, and t € T, we set
¢ (i,t) := {x € R" : 2 + aBP (t) ¢ TI°(i, £), Yo > 0},
I (i,t) := {z € R : z + aBP(t) ¢ TI°(i, t), Yo < 0},
For each i = 1,k, on Z, let us introduce the scalar multivalued function

{—wi}t, x e II° (4,1),
Uf(t,%) = {M2}7 T € Hi_(l,t),
[_:u’iv/"i]? T € Hc(iat)'
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On Z, let us define the vector multivalued function

U;(t,2)

4. Independence and Dependence Exponents of the Vectors Bi(?’) (t)

As is seen from Sec. 3, in considering a certain set of vectors Bl-(?’) (t), i € F, on the interval T, the
property of linear independence of the vectors BZ-(?’) (t),i € F, for any t € T is useful. However, we have no
assumptions that guarantee such a property. Moreover, such assumptions are not natural. For example,
the linear independence is violated if at least one vector BZ-(3) (t) of the set considered vanishes at a certain
instant t € T. To differentiate the cases close to the case of linear independence from the cases of rough

linear independence, we need several concepts. We formulate them for an arbitrary set of vectors in R"”
but will apply them to the vectors Bi(g) (t).

4.1. Independence and dependence exponents. In the space R”, let us consider a finite set B of
vectors b;, i = 1,5, s > 1. By the symbol G(B) we denote the subspace spanned by the set B. Let o > 0.
The set B for s > 2 is said to be linearly independent with exponent « if

Note that the independence with exponent « implies the ordinary linear independence. Also, it is
obvious that any finite set of linearly independent vectors is independent with a certain exponent a > 0.

In the case where s = 1, by the linear independence with exponent o we mean the condition that the
length of the vector considered is greater than or equal to a.

The set B for s > 2 is said to be dependent with exponent « if, among the vectors of a given set, there
exists a vector b;, such that

d(bi., G(B\ bi,)) < a,

i.e., there exists a vector a-close to the set of other vectors.

For s = 1, the dependence with exponent o means that the length of the vector considered does not
exceed a.

Let us formulate the following assertion on the estimate for closeness of a given vector to the set of
other vectors.

Lemma 4.1. Let a set B of vectors b; € R, i = 1, s, that are linearly independent with exponent o be
giwven. Add one more vector a € R™ to it. Assume that the extended set BU a is dependent with exponent
p < a. Then the vector a is (-close to the set B with the characteristic ( = (14 2D/a)p, where D is the
mazimum of the lengths of s + 1 vectors from the set BU a.

Proof. We denote by & the maximum independence exponent of vectors of the set B. Let p be the
minimum dependence exponent of vectors of the set B U a. The minimum characteristic of closeness of
the vector a to the set B is denoted by é .

In the set B U a, we distinguish a vector h that is p-close to the set (BUa) \ h of other vectors.

1. If one can take the vector a as h, then we obtain

. 2D
(=p<p< <1+?)Pa

and the proof is completed.
2. Assume that the vector a cannot be taken as h.
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Fig. 1 Fig. 2

A. First, consider the case where s = 1, i.e., the case where the set B consists of a single vector, which
must be taken as the vector h. We have & = |h|. The relation p/¢ = |h|/|a| holds. Therefore,

- ) D 2D
C=@=wp§@< 1+ —)p.
|h| & o' o'

B. Now let s > 1. Consider the subspace G((BUa) \ h). Let g be an element of this subspace nearest
to h. We set |hg| := |h — g|. We have |hg| = p < p. Also, we note that d(h,G(B\ h)) > a.

Assume that g € G(B\ h). Then |hg| > «. Then taking into account the inequality p > |hg|, we obtain
p > «, which contradicts the condition p < a. Hence, g ¢ G(B\ h).

We have

a g GB\h), acg(BUa)\h),

geG((BUa)\h), g¢G(B\h)CG((BUa)\h).

Consider the line Ay passing through the points g and a. The line A; is either parallel to the subspace
G(B\ h) or intersects it.

If the line A; is parallel to the subspace G(B \ h), then d(a,G(B)) < |hg|. Indeed, drawing the line Ay
through the point h, which is parallel to A;, we obtain that it is parallel to G(B \ h). Hence Ay C G(B).
Therefore, d(a,G(B)) < d(a, Az) < |hg|.

Taking into account the relation |hg| = p, from the inequality d(a,G(B)) < |hg|, we obtain d(a,G(B)) <
P, i.e., the vector a is p-close to the set B. This contradicts the assumption that the vector a cannot be
taken as h.

Now let us assume that the line A; intersects the subspace G(B\ h). Let e be the intersection point.
Let us draw the line Az through the points h and e. We have A3 C G(B). Let f be a point on the line A3
such that fa is parallel to hg. Note that |he| > a.

Let us consider the following variants of location of the point e on the line A;.

(a) The point e lies on the ray ga with vertex g being more distant than the point a (Fig. 1). Then
d(a,G(B)) < |fa| < |hg| = p, and this contradicts the assumption that the point a cannot be taken as h.

(b) The point e lies on the ray ag with vertex a being more distant than the point g (Fig. 2). We have

Ihe| > d(h,G(B\ ) > a.

Denote by k the point on the ray e f nearest to the point a. Note that k& € G(B). Hence d(a,G(B)) < |kal.
Let us estimate |kal.
We have (see Fig. 2) |ka|/|fa| = cos ¢ = |eg|/|eh|. Therefore,

|ka| = [fallegl/|eh]. (4.1)
Since |fal|/|hg| = |ea|/|eg], it follows that
hgllea hg|(leg| + |ga ga
ol Ihollcal _ Ihleql +loa) _ 0 loal) )
leg] leg] leg]

6929



Fig. 3

Using (4.1) and (4.2), we obtain

leg| lgal\ leg|  |hg]
kal = fal 9] = gl (141990 Lol _ Dol oo oy,
h] egl ) Tenl = Jen] )

Taking the inequalities |eg| < |eh| and |ga| < |ha| into account, we further have
|ka| < " ’(|€h| + |hal).

Since |hg| < p, |eh| > a, and |ha| < 2D, it follows that

h 2D
|ka]<p(1+w) < (1+—)p
a a

Therefore, as the nearest characteristic of the vector a to the set B, we can take ¢ = |ka| < (1+2D/a)p.

(c¢) The point e lies on the ray ag between the points g and a (Fig. 3).

If |ea| < |eg|, then |fa| < |hg|, which contradicts the assumption that a cannot be taken as h.

Let |ea| > |eg|. Introduce the points ¢* and h* symmetric to the points g and h with respect to e. Let
k be the point on the ray ef nearest to a. Let us estimate |ka].

We proceed as in case (b), taking h* and ¢g* instead of h and g. We have

leg|  |h*g"|

|kal = [fal =T
leh*|  |eh]

(leg™| + lg™al)-
Taking into account that |hg| = |h*g*|, |eh| = |eh*|, and |eg*| + |g*a| < |ga| < |ha|, we then obtain

kol < 1291 ]

|eh]
As a result,
2D
[kal < =2,
@
and, therefore, as the characteristic of closeness of the vector a to the set B in the case considered, we
can take
2D 2D
¢ = |ka| < =L < <1+—>p.
Q@ Q
The lemma is proved. O

6930



4.2. Independence and dependence exponents of the vectors Bi(?’) (t) on intervals of time.
Each of the functions BZ-(‘;)7 i = 1, k, satisfies the Lipshitz condition on 7. The following property is a
consequence of this property.

Let 7 C T be a closed interval and let ' C I. Assume that for each ¢ € 7, the vectors Bi(?’) (1),
i € F, are linearly independent. Let gL({BZ-(?’) (t)}icr) be the orthogonal complement in R™ to the linear
subspace g({Bi(S) (t)}ier) spanned by the vectors Bi(S) (t), i € F. Then for any j = 1,k, the projection
of the vector BJ(?’) (t) on the subspace QL({BZ@ (t) }ier) satisfies the Lipschitz condition in ¢ on the closed
interval 7.

In turn, this property implies the existence of a lower estimate for the length of the interval on which
the independence of the vectors Bl-(g) (t), i € F, with exponent « decreases up to the independence with
exponent /2. Let us present the precise statement.

Proposition 4.1. Let F' C I. Then for any a > 0, there exists k > 0 such that if at a certain instant

t, € T, the vectors B§3)(t) are independent with an exponent «, then they are independent with the
exponent o /2 for any t € [ty — K, tx + K] NT.

Analogously, we can formulate an assertion on the existence of a lower estimate of the length of the

interval on which the dependence with an exponent « of the vectors BZ-(?’) (t), i € F, can decrease up to
the dependence with the exponent 2a.

Proposition 4.2. Let F' C I. Then for any a > 0, there exists k > 0 such that if at a certain instant

t. € T, the vectors BZ-(?’) (t) are dependent with an exponent «, then they are dependent with the exponent
2a for any t € [ty — Kyt + K] NT.

4.3. Rule for choosing the independence and dependence exponents of the vectors Bg?’) (t).
Let 3>0,¢£>0,and F C I.

The independence (dependence) exponent of the vectors Bi(3) (t), i € F, will be introduced only in the
case where the number ¢(F’) of elements of the set F' does not exceed n. We set the value of the exponent
to be equal to £2(F).

At a certain instant of time t, € T, let the set of vectors B

3)
i
¢1(F) | Then, using Proposition 4.1, we can estimate from below the length of the closed interval [t,,?] C T,

(t«), i € F, be independent with exponent

for each instant ¢ such that the independence exponent of the set of vectors Bi(s) (t), 1 € F, is not less

than £907) /2. Let W(F, £) be such an estimate. Since the total number of sets F' with number of elements
varying from 1 to min{k,n} is finite, we can choose the universal estimate

w(€) = m}n@(F, €).

We will apply it to any set F.
At a certain instant t, € T, let the set Bi(s) (t.), i € F, be dependent with exponent £7*). Then using
Proposition 4.2, we can estimate from below the length of the interval [t., ] C T for each instant ¢ from

which the dependence exponent of the vectors BZ-(3) (t), i € F, is not greater than 2¢69F). Let @(F,¢) be
such an estimate. By the finiteness of the number of sets F', we can choose the universal estimate
@(¢) == min B (F,£).

Denote R
w(§) = min{w(¢), w(¢)}-
The following property holds: for any F' with number of elements ¢(F') not exceeding min{k,n}, on
the interval of length w(&), we guarantee the independence (dependence) of the vectors BZ-(S) (t),i € F,
with the exponent £9(F) /2 (resp. 2¢9F)) if it was with exponent £9(F) at the initial instant of time.
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For k > 1, we only speak about the existence of the estimate w(). In the case k = 1, we can use the
explicit estimate w(&) = £/(20).

4.4. Nearness estimate for the chosen exponents.

Lemma 4.2. For a certain instant t. € T, let the set of vectors BZ.(3) (t), i € F, q(F) < min{k,n}, be
independent with exponent £9F)  where ¢ < 1/4. Let us add one more vector BJ(B) (tx), 7 & F. For the
extended set, assume that there is the dependence with exponent E1F)+L . Then, for any t € [t,, to+w(€)]NT,
the vector B](S) (t) is close to the set BZ-(?’) (t«), i € F, with exponent ¢ = ((1/2) 4+ 80)¢&.

Proof. For the set of vectors B£3) (t), i € F, with number of elements ¢(F) < min{k,n}, on the closed
interval [t., t.+w(€)]NT, we have the independence with exponent £€2(F) /2. After adding the vector B](-3) (1),

j ¢ F, the extended set on the closed interval [t.,t. +w(£)] N T is dependent with exponent 2¢£9(F)+1,
Let us apply Lemma 4.1. We set

ga(F)
=
The inequality p < « follows from £ < 1/4. By Lemma 4.1, we obtain that for any t € [t.,t. + w(§)| N T,
the vector Bj(.?’) (t) is close to the set BZ-(?’) (t), i € F, with the exponent

(F)
¢ = <1 + %’) p= (1 + ;&) 260+ — (9¢9(F) 4 85)¢ < (2 (%)q - 80) €< <% + 80> 3

In the latter inequality, the inequality ¢(F') > 1 is taken into account. O

pi= 2§Q(F)+1.

(67

5. Application of the Main Lemma
5.1. Weakening of inequality (2.3). For a fixed £, we will use estimate (2.3) on closed intervals [t., t*]
of length t* — t, < w(§). The quantity J in (2.3) is taken from the half-open interval (0,¢* — ¢,]. The set

of subscripts F' is assumed to be chosen such that at each instant ¢ € [ts,t*], the vectors Bl@ (t),1 € F,
are linearly independent with the exponent £2F )/ 2. We set

L:=(1/2)+80, (:=LE.
Choose the set H C I\ F such that H C H(F,(,t) for all t € [t.,t*]. Therefore, for any j € H and any

t € [t«,t"], the vector BJ@ (t) is C-close to the set Bi(g) (t), i € F. We assume that relations (2.2) hold

for t € [t,,t*]. As for the motion 3(M)(-) of system (1.1) with certain admissible open-loop controls u(-)
and v(-), it is assumed that at instant ¢., it emanates from the point z, and for any ¢ € I \ (FFU H),
t € [t« +w,t*], in the case z, € I1;(i,t,), the relation w;(t) = p; holds, whereas in the case =, € I1_(i,t,),
the relation u;(t) = —p; holds.

Let us rewrite estimate (2.3). We have

k
V(F te+ 0,y 1) (b, +0) VO (b, 2.) + 207D B
i=1 (5.1)

+2ALES Z Wi + 2 w Z oiti + AX(te, te +0).
icH i¢ FUH

In estimate (5.1), we weaken the third and fourth summands on the right-hand side:

2/\£§52 i <2ALu&d, 2 w Z oilti < 2M0uw.
i€H i¢ FUH
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We obtain the following inequality for any ¢ € (0,¢* — t.]:

k
V(F,te+ 6,y (e +0) VO (ty,2.) + 207> B
i=1
F2ALUES + 2 o pw + Ax (ta, s + 0).

The right-hand side of inequality (5.2) is independent of F'. This inequality can be applied in the case
where on the closed interval [t.,t*], for ¢ € F, we use arbitrary admissible controls u;(-), and for any
Jj ¢ F, either on [t, + w,t*], the regular control u;(-) acts, or for any t € [t,,t*], the vector B§3) (t) is
C-close to the set Bi(?’) (t), i € F. Recall that a control u;(-) is said to be “regular” if for z, € I1 (j,t,)
(zy € HH_(4,t4)), on [ty + w,t*], the relation u;(t) = p; (u;(t) = —p;) holds.

We restrict the application of inequality (5.2) only to the case where t* —t, < £&/3. Then replacing one
factor ¢ in the second summand on the right-hand side by ££/3, instead of (5.2) we obtain the estimate
V(F, t, + 6,y (t, 4 0)) < VO (L, 2) 4+ BALUES + 200 pw + Ax(Ee, te + 6)

or, which is the same,

V(Fa t) y(l*) (t)) § V(2) (t*a ZL‘*) + kf(g)(t - t*) + 2)‘0-/“‘) + )‘X(t*a t)v te [t*a t*]a (53)

(5.2)

where

KF(€) := BALUE.

5.2. Weakening of inequality (2.11). We will apply inequality (2.11), setting ¢ = 2£. In this case,
in (2.11), we weaken the second and third summands on the right-hand side:

ANE - (t —ty) Z'“i < AAp - (t—ty), 2)@2@/@ < 2X\opw.

icH igH
Keeping the substitution part of Proposition 2.1 the same, for { = 2¢, we obtain the estimate
where
kfl¥ (€)== aaut.
6. Choice of ¢, Ay, and st
We set Ul
OUA + ¢
st(§,A,¢c) i =————, A>0, ¢>0, £>0.
&= T
In what follows, we will agree that
o
< .
= 14 160

The following relations hold for such &:
E<o, £<1/4, st(& A c) > A.

Consider the set of integers h > 1, h < min{k, n}, for each of which there exist a set F' C I with number
q(F) = h of elements and an instant ¢ € 7" such that the set of vectors BZ-(S) (t), i € F, is independent with
the exponent &". Such a set is nonempty because of the inequality ¢ < o. Denote by h*(£) the maximum
among these numbers.

We assume that the value of £ is fixed.
1. Choose cpx¢) > 0 and Ap« ) > 0 such that

L
St(f,Ah*(g),Ch*(g)) < min {ﬁg, w(f), Y — 191} .
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Below, for brevity, we agree to omit the argument £ when it does not lead to confusion.

2. Let us pass to the choice of ¢, and Ay, for h=h* —1,h* —2,...,1.

Let us describe the step of induction. Let ¢; > 0 and Ay, > 0 be introduced for a certain h € 2, h*. Let
us define ¢;_1 and Ap_1.

A. Fix a set F} of h elements. Choose an arbitrary subset Fj_1 of h — 1 elements and the remaining
set F} of a single element. Let IC(F}, Fj—1) be the set of instants of time ¢ € T for each of which there

is the ¢"-independence of the vectors Bi(s) (t), i € F), and, simultaneously, the £"~!-independence of the
vectors B3(t), i € Fj_1.

In the case K(Fp, Fr—1) # @, to each instant from the set IC(Fy, Fj—1), we put in correspondence the
closed interval of length w(§) adjacent to it to the right. If the right endpoint of such an interval is
greater than ¢, we take a closed interval with ¥ as the right endpoint. The union over ¢t € KC(Fp,, F},—1)
of these intervals is denoted by IE(Fh,Fh_l). Note that I%(Fh,Fh_l) is a closed bounded set. At any
instant ¢ € IE(Fh, Fj,_1), we have the ¢"/2-independence of the vectors BZ@) (t), i € Fy,, and the ¢"—1/2-

independence of the vectors BZ-(?’) (t),i € Fy_1. Also, we have the ¢ /2-independence of the vectors Bi(3) (1),
1 € F.

In the case IKC(F}, F,—1) = &, we do not take into account the pair Fj, Fj,_1 for the definition of ¢;_;
and Ap_1. Below, we will assume that IC(Fp, Fy_1) # <.

Using Lemma 3.3, we choose ¢; € (0,¢p] so that, uniformly in ¢t € E(Fh,Fh_l), the sets T1%(Fp,_1,t)
and I1%(Fy,t) outside the set int I1° (Fy, ) are distant from each other by a finite distance in the limits
of a certain bounded set &, C R™ estimated from above by the set of states at which motions of system
(1.1) emanating from the set ) can lie.

Let b(¢, Fr, Fr—1,ch, ), where ¢ € (0,¢], be a uniform (in ¢ € IE(Fh,Fh_l)) lower estimate of the
transition time of system (1.1) from the set II1¢(F},_1,¢) N X, to the set II°(Fy,t), t € (¢, t+w(§)]NT, if at
the initial instant ¢, the system was on (II¢(Fp_1,¢) N X,) \ int 11 (F, ). Such an estimate exists by the
property that the set I1¢(F,t) is continuously varied in ¢, which was proved in Lemma 3.2. Obviously,
the dependence ¢ — b(&, Fp, F},—1,cp, c) can be chosen to be nonincreasing. For example, we can take
b(f, Fy, Fy_1,cp, C) = b(f, Fy, Fy_1,cp, Cﬁ), cc (0, Cﬁ].

Choose positive ¢, < ¢4 and A, < Ay, such that

St(§7 Ab7 Cb) S b(§7 Fh7 Fh*l? Ch, Cb)'

As a result, we obtain ¢, and A, for given Fj and Fj,_1. To stress the dependence of the chosen quantities
on g: Fp, Fp—1, cp, and Ahv we will write Cb(&a Fry Fp—1, Ch, Ah) and Ab(§7 Fry Fp—1, Ch, Ah)

B. Now we look over all sets F}, of h elements, and for each of them we look over all the sets F}_q of
h — 1 elements (with the condition K(F}, F_1) # @ holding). We set

cho1:= min ¢ (& Fy, Fr_1,cn,Ap), Ap_1:= min Ay, Fp, Fy_1, cn, Ap).

(Fn,Fn-1 Fp,Fp_1

If, for all variants of F}, and F},_q, we have IC(F}, Fj,—1) = &, then we set ¢p,—1 = ¢p and Ap_1 = Ay,
Denote

st .= st(§, Ap,en), h=1h*
The quantity st/” depends on £. For brevity, we omit the bracket of the argument.

7. Loops along the Motion

Therefore, for a given &, we have introduced the quantities ¢;,, Ay, and st h = 1, h*.

Consider the motion yM () of system (1.1) from the position (¢, z¢) € Y, ty < ¥, according to a certain
strategy U € U of the first player with a step A < A; and according to a certain open-loop control v(+)
of the second player.
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By the symbol §) we denote the set of integers h € 1, h*, for each of which there exist a set F' C I with
number of elements ¢(F) = h and an instant ¢ € [tg, 9] such that y(1)(¢) € TI® (F,t) and the set of vectors

BZ.(s) (t), i € F, is independent with exponent &".
If § = &, then we agree that the whole interval [to,¥] is a free interval of level 1.
Assume that ) # @. Let h’ be the maximum among the set of numbers in $).

Along the motion y(l)(-), we distinguish “loops,” which are connected to the entrance to the sets
1% (F,t), where q(F) = h, h = 1, k. Also, we define free intervals.

Let " be the set of instants ¢ € [to, 9] such that 31 (¢) € TI° (F, t) for a certain set F with ¢(F) = h,
and, moreover, the vectors BZ-(3) (t), i € F, are independent with exponent ¢". The mentioned F is not
necessarily unique. The collection of sets F' corresponding to the instant ¢ is denoted by {F"(¢)}.

If h> < h*, then we assume that [tg, 9] is a free interval of level h® + 1.

1. Let h = I’.

A. Let us agree that

Tl[hb] =min{t:t€ T[hb}},
Ti[fl] = min {t tegn [Ti[hb} + St[hb},ﬁ]}, i=1,2,....
The obtained set of instants 7" is denoted by {T[hb}}.

. [n"] f
To each instant 7;

b b
€ {T[hb]}, we put in correspondence a series of loops. We set t%] = Ti[h ], The

instant tghlb V'is called the instant of the origin for the first loop (in the series i) of level h’. Choose an
b b
arbitrary F € {F[hb](tgll])}. We define the instant t[}fl}

i,14
[1*]
tiit

of the end of the first loop as follows:

= max {t W) e 1w (Frt), ¢ e [t 7 1 st [t 19]}.

i,1 0 '

®3)

We do not verify the independence property of the vectors B;” (t), i € F, with exponent & W In particular,

b b
the instant tghll_ can coincide with tghl].

b
As the instant tyfz] of the origin of the second loop (in the series i) of level h’, we take

t%] = min {t 1t e QW} N [tﬁﬂ, T-[hb] + st[hb}]}.

Choose an arbitrary F' € {F [hb}(tyf; })} Define the instant tih;l_ of the end of the second loop:
t%l_ ‘= max {t : y(l)(t) e (F\t), t € [t%]7 Ti[hb] + St[hb]] N [to, 79]}

b
Continuing this process, we obtain the series of loops of level h’ corresponding to the instant Tl-[h I, The

number of loops in the series does not exceed C,?b.

Enumerate the loops of level A” in through numbering. The set of instants of origins of loops of level
R® is denoted by {t[hb]}.

B. Remove the intervals of the constructed loops from the closed interval [tg,J]. We obtain an ordered

set of intervals. Each of them can be closed and is called a free interval of level h’. The origin of the first

b
free interval can coincide with tg, and the endpoint of the last free interval can coincide with . Let G)g-h }
be the notation of the free interval with the number j in the through numbering.

2. Now we pass to levels k> — 1,h’ — 2, ..., 1. Let us describe a step of induction.

Assume that the loops and free intervals corresponding to a certain level h € 2, h” are already defined.
Let @E.h] = [Ggh],ﬁj[.}ﬂ] be the notation of the free interval with the number j in the through numbering on

[t07 19]
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A. Consider a free interval @gh]. Let us agree that
j[hl U~ min {t t e glh=1l ﬂ@[h]}
Al mln{t t e T Al sl ﬂyﬂ]}, i=1,2,....

The obtained set of instants T][h s denoted by {T[h 1]}

[h 1] (h=1] . _[h=1]

To each instant T, € {T[h 1]} we put in correspondence a series of loops. We set tiil =T
An instant tg. il Uis called the instant of origin of the first loop (in the series i) of level h — 1 on the free

interval @Eh]. Choose an arbitrary F' € {F [h_l]( [ 1])} Define the instant t[ } of the end of the first
loop as follows:

=1 ax {t : y(l)(t) e [I-1(F,t), t [t[h 1 A h=1] + St[h_l]] N @g-h}}.

78,1+ Bl N
In particular, the instant tg H]_ can coincide with tg,};—ll]. Further, we find the instant tg'hle] €
), 7Y st el and so on.

B. Define free intervals of level h—1 on @B ! For this purpose, we remove the intervals of the constructed
loops of level h — 1 constructed on the closed interval @Bh] from it. Each of the remaining intervals can

be closed and is called a free interval. The origin of the first free interval can coincide with Hj[-h], and the

]

endpoint of the last free interval can coincide with By_i
C. Using the method described, we introduce loops of level h — 1 and free intervals of level A — 1 on
each free interval @gh] of level h.

[h—1]

Perform through enumeration of instants T

The obtained set of instants is denoted by {r["=11.

Also, in the through numbering, we enumerate the instants of origin of the loops of level A — 1. Denote
such a set by {t*~1}. Introduce the through numbering of free intervals. Let @Bhil} = [Hj[.hfl], 9][.}171}] be
the notation of the free interval with the number j.

Note that the free intervals on the level h — 1 can be defined as a result of the removal of all the loops
of levels h”, K> —1,...,h — 1 from [ty, 9] and the subsequent closing each of the obtained intervals.

If there are no loops on the level h — 1, then going around the level A — 1, we pass to the formation
of loops on the level h — 2. In this case, we assume that free intervals of level h — 1 coincide with free
intervals of level h.

, running through all values of the subscripts j and i.

8. Proof of Theorem 1 for g > 0

In Sec. 7, for a fixed &, to a motion y(l)(~), we have put in correspondence loops and free intervals of
levels 1,2, ..., k. The set of instants of origin of the loops of level h was denoted by {t[h]}.

To write the variation of the function V() along the motion y(!)(-) on the interval [t,,t*], we introduce
the notation

Va‘r(v(2)7 [t*7 t*]) = V(Z) (t*a y(l) (t*)) - V(Q) (t*a y(l) (t*))
We set
shll .= 2xouA;  shl = 2XouA + ¢, h=1,R.

The quantity sh*! depends on A, and the quantity shl depends on ¢ and A, but we omit the brackets
of arguments.
From the definition of st/") and sh!" and the condition A < Ay, the following relation follows:

sh” < st . kf, h=1,".
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Further, let

kfl .= max{kf, kfl}; k£l = e(h, B)KEO), h=1, 1,

where
e(1,k) =20 +1, e(h k) =e(h—1,k)+Cl1+e(h—1,k), h=2h.
Note that
shPl < shl!l;  shP~U <shlM  h =2 R,
kflO < kel kel < kel p =2 pb.

8.1. Increment of the function V(? on loops of level h. Let us explain the application of inequality
(5.3), which follows from the main Lemma 2.1, in order to estimate the variation of the function V(?)
along the motion y()(-) on loops of level h.

Any instant tg-h] from {t/"!} is the instant of origin of a loop of the hth level, the instant of the end of a
[h] [h] _ 4[]
7+’ J+ J
a completely definite set F' of subscripts with number of elements ¢(F) = h. At the instant ¢

< sti"l. To each loop of level h, we put in correspondence
(A]
J

the ¢"-independence of the vectors Bi(3) (tg-h]), i1 € F. On the interval [tg-h},tyj]r], the independence with

loop is denoted by ¢, and, moreover, t

, we have

exponent £" can decrease only to the independence with exponent /2.

To apply inequality (5.3) for estimating the value of V(F, tyﬂ, y (tyi)), using Lemma 4.2 we define the

set H(F, L) consisting of subscripts g ¢ F of the vectors Bég) (t) that are close with the characteristic L&,

L = (1/2) + 80, to the set of vectors Bi(3) (t), i € F, for all ¢ on the interval [t;h],tg}ﬂ]. Taking an element
g € F, we include it in the set H(F, L) if, at the instant of time t;h], there is the £€"T1-dependence of the
vectors B (tgh]), ie FuUg.

i

Let g ¢ F, g & H(F,LE). For these elements, we have the ¢"*1-independence of the vectors BZ-(B) (tgh]),

i € FUg. In this case, we take into account that, by the definitions of the sets {t"+11} and {¢["}, the
instant t;h] belongs to a certain free interval of level h + 1. In the interior of this interval, there are no
loops of level h + 1. Therefore,

yO ) & ing1ent (F U g, o),
Since tyﬂ - tg-h] < stl", it follows that on [tg.h],tgﬂ], we have the independence of the vectors Bi(?’) (1),
i € FUg, with exponent £"1/2. Hence, using the rule for choosing the numbers cj,1, ¢, and ¢; described
in Sec. 6 and based on Lemma 3.3, we can speak about a uniform lower estimate of the distance between
the sets (II° (F,t) N &) \ int [I°*+1 (F" U g, t) and 11°'(g, t) for instants ¢t € T', at which the vectors BZ-(3) (1),
(h]
i)
, the motion of system

i € FUg, are independent with exponent &"*1 /2. Therefore, the distance between the point y(l)(t

and the set I1° (g, tg.h} (]

.1) emanating from the point y ) at the instant ¢ - cannot attain the se g,t), continuously
1.1 ing from the point ¥ (t")) at the instant ¢ t attain the set II (g, 1), continuousl

varying on the interval [tgh],tyj]_] by Lemma 3.2.

g-h},tyi], along the motion yM(-), the regular control ug(-) is realized everywhere, prob-

ably, except for a certain initial interval adjacent to the instant tg-h] whose length does not exceed the step

A < Aq of the discrete scheme.
Therefore, on the interval [tg-h],tyﬂ

from it. In this case, we set w = A

) also satisfies this estimate. According to the choice of st

Moreover, on [t

], we can apply the main Lemma 2.1 and the inequalities that follow

Using inequality (5.3), we write the upper estimate of V(F, tyﬂ, y(l)(tﬁ)):

VE Ly < vl Oy pxe - @1 - ) 1 onoua £ ax @l .
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Since y(l)(tyﬂ) € IIn(F, tyj]r), we have the following inequality for the function V(2):

h h h h
vyl < v W@l + e,
Therefore,

Var(V®, [d" ")) < et (¢ — ) 1 2x0pA + o + ax(el, 4.

Taking into account that shll = 2 o puA + ¢, we obtain

Var(V®, [t 4)) < wee - (¢ — ) o shl) o @, i), (8.1)

8.2. Auxiliary intervals. Let us define variants of intervals of time using which we will estimate the

variation of the function V() along the motion y()(.).
Let us agree that each of the subscripts h and p assumes the values 1,2, ..., k. Let

E[" be the interval [p,n] such that it contains at least one instant from the set {71"}; on [p,7), there
are no points of the sets {t!}, p > h;

E" is the interval [p, ] such that p € {71"}; on [p, 7]\ [p, p +st!™], there are no points of the set {r1"};
on [p,n), there are no points of the sets {t!}, p > h;

EM is the interval [p,n] of the form EW satisfying the additional condition p + st/ <.

We denote by D the interval [p,n] if it is one of the free intervals of level 1. On (p,7n), there are
no instants from {t'}, p > 1. This follows from the fact that free intervals of level 1 are obtained by
removing all loops of levels RP. K> —1,....1, from the closed interval [t,0, ] and by subsequently closing
each of the remaining intervals.

On each interval of the form E™ or £/, there is at least one instant of the set {t}. Also, there can
be instants of the sets {t}, p < h.

All initial instants of h-loops, h = 1, h”, that lie in a concrete interval E™ are on an interval of length
no more than st(”). Moreover, on such an interval, for each F with q(F) = h, there can be no more
than one instant of the loop origin. Therefore, the total number of h-loops on E/ does not exceed C,i,‘ .
Also, note that the intervals of h-loops lying in E" are disjoint. Hence we can perform an independent
summation of estimate (8.1) over h-loop intervals lying in E", and we know the estimate of the number
of loops.

8.3. Increment of the function V(?) on auxiliary intervals. Let us estimate the variation of the
function V) on auxiliary intervals.
We begin with the interval [p, 7] of the form D. We note the following properties:
— if on (p,7n), there are entrances to the sets 11 (4,t), i = 1, k, then at each such instant, we have the
inequality \Bi(g) )] <&
— a possible increase in the function V2 due to “irregular” controls at one step of the discrete scheme
is estimated from above by shl* by virtue of Proposition 2.2.

Lemma 8.1. The increment of the function V®) on the interval [p,m] of the form D is described by the
nequality
Var, (V@ [p,1]) < k- (= p) +shP + Ax(p, 7). (8.2)
Proof. Note that
A< Ay < w(E) < /(28).
Choose 0 := £/(283). Then for time &, the quantity |Bi(3) (t)|, i = 1, k, cannot change more than &/2.
Moving from left to right, we divide the interval [p, 7] with step & (the last of the obtained intervals can

be of length less than §). Let us show that we can apply Proposition 2.1 with estimate (5.4) to each of
the d-intervals.
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Indeed, let [£,7] be an arbitrary interval from the d-intervals. By the choice of the number §, we obtain

that for any i € 1, k, either |Bi(3)(t)| < 2¢ forall t € [£,1] or |Bf3) (t)] > 3£/2 also for all ¢ € [t,1].
In the first case, we include i in the set H of small subscripts of values of \BZ-(S) (t)].
Let i ¢ H. If T > p+ A, then the control u;(-) is regular on [£,#]. Indeed, on [f — A, ], we have
|B§3) (t)| > £€. Moreover, on [t — A, 1], there are no instants from the set {¢[!l}, since they are absent
on [p,n]. Hence, on [f — A, {], the motion 3! () is executed to one side of II¢* (i, t), and, moreover, on
[t — A, ], there is an instant of the discrete scheme. This implies that u;(-) is regular on [Z,%]. If f < p+ A,
then, in advance, the regular control u;(-) acts on [p + A, ], and an arbitrary control u;(-) can act only
on [t, min{p + A, #}].

Therefore, on the interval [£,#], the assumptions of Proposition 2.1 hold. Moreover, in estimate (5.4),
we set w =0 in the case I > p+ A and w =min{p+ A,t} —t<p+ A —tfort < p+A.

Let us sum up estimate (5.4) over the é-intervals. We take into account that the total number of
0-intervals for each of which H # @& does not exceed 1 — p. Also, we take into account that the instant ¢
at which |B§3) (t)] > &, for an arbitrary control u;(t), i € 1, k, can be only on the initial part of the interval
[p, ], more precisely, on [p, p + A]. As a result, we obtain estimate (8.2). O

We now pass to the estimation of the increment of the function V() on the closed intervals of the form
El gl EM where h = 1, h.

Lemma 8.2. The increment of the function V® on intervals of the form EM, €N and BN is described
by the following inequalities for any h = 1, h’:

Var . (V®, [p,n]) <k (n = p) + e(h, k)sh?) 4+ Ax(p, m),
Var_, (V@ [p,n]) <X (n = p) + Ax(p, m),
Var_ (V. [p,n]) <kf" - (n = p) + e(h, k)shl + Ax(p, ).
Proof. 1. Let h = 1. Using (8.1), we have
Var (V3 [p,n]) <kf - |TH] + Clsh + M (TM) + Var(V®, [p, ] \ T).

Tl
Here, T! is a subset of the interval [p, 7] filled in by loops of level 1; |T1Y] is the ordinary length of the
set T C} is the upper estimate of the number of loops of level 1 on [p,n]; x (T is the interval of the
form (1.9) but calculated on the set T the summand Var(V®, [p, 5] \ TI!) estimates the increment of
the function V®) on the set [p,n] \ 7.

The set [p,n] \ T is the set of intervals of the closed interval [p, 7] outside the loops of level 1. There
are no more than C’,% such intervals, and the closure of each of these intervals is an interval of the form
D. Therefore, we can use estimate (8.2). We obtain

Var | (V®, [p,n]) < kf - |TW] + Cishl + k- ((n — p) — [TM]) + Cish™ + Ax(p, )
<kf- (n — p) + 2Cksh + Ax(p, m).
Let us estimate Var . (V®, [p,7]). We take into account the relation shi!l < stl!l.kf. By the definition

of the set of the form fi['l[]”, we have stl!] <15 — p. Therefore,
shl'l <kf - (n—p).
Thus,
Vargn (V®, [p,n]) = Var goy (VP [p,n]) < k£ - (n — p) + 2C3shlY + Ax(p, )
<kf - (n — p) + 2Ck(n — p)kF + Ax(p, m)

< (20} + DO (9 — p) + Ax(p,n) = kW - (9 — p) + Ax(p, ).
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Now let us consider the interval [p, n] of the form El. We can represent it as an interval composed of
the initial interval [p, t] of the form D, finitely many intervals of the form & 1) following each other up
to a certain instant t© (their total interval is [t#,%]), and the remaining interval [t©, 5] of the form E.
Therefore,

Va‘rE[ll (V(Q)a [p7 77]) < VaI'D(V(2), [pa t#]) + kf[l} : (to - t#) + )\X(t#, t<>) + VarE[l] (V(2)7 [t<>’ 77])
< kfM (17 — p) 4 shl 4 k£ (¢ — ) kf0. () — ) + 20 shl + Ax(p, )
<kfl - (n— p) + 20} + Dshl! + Ax(p, ).

2. Let us pass to the estimation of the increment V(2 on intervals of the form E (hl gl and EM for

h € 2,h’. We prove the required inequalities by induction.
Assume that for intervals of the form E[!, the following estimate of the increment of the function V(%)
is obtained for p > 1, p < h < h’:

Varg (V@ [p,n]) < kEPL- (n — p) + e(p, k)sh?! + Ax(p, m). (8.3)
For the interval of the form E/*1 using (8.1) we have
Var gy (VP [p,n]) < kf - [TV 4 CpHsh P 4 (TP 4 Var (V) [p, ] \ TIHY),

where T+ is a subset of the interval [p, 7] filled in by loops of level h + 1; |T!"*1] is the length of the
set T+, C;;H is the upper estimate of the number of loops of level h + 1 on [p,n]; x(T"+1) is the
integral of the form (1.9) but calculated over the set T"+1; Var(V® [p,n] \ T"+1) is the increment of
the function V) on the set [p,n] \ T+,

The set [p,n] \ TI"*+1 is the set of intervals of the closed interval [p,7] outside the loops of level h + 1.
There are no more than C’,?H such intervals, the closure of each of which is an interval of the form D or
EP!, where p < h. Therefore, we can use estimates (8.2) and (8.3). We obtain

Var g (VP [p,n]) < kf - [T 4 chtignlh+l]
+kE - (g — p) = [T0H)) + Ot e, k)sh™ + Ax(p, 1)
<kf" - (g = p) + CPFH (1 + e(h, ))sh" 1 + Ay (p, ).

Let us estimate Var_, , , (V@ [p,n]). We take into account the relation sh"™1 < st(t+1. kf By the
definition of the set of the form 1 we have st!*1 <15 — p. Therefore,

sht"t1 < kf . (n — p).

Thus,
Varginsn (V, [p,n]) = Var g (VP [p,n])
< kM- (= p) + CLF (1 + e(h, k))sh" ™ + Ax(p, n)
<kf"- (= p) + CFFH (1 + e(h, k) (n — p)KE + Ax(p,m)
< e(h, k)kE - (n — p) + CLH (1 + e(h, k))KE - (n = p) + Ax(p, m).
Since

kU = (e(h, k) + CpF (1 + e(h, k)))kf,
it follows that
Vargpsn (VP [p,n]) < kB (5 — p) + Ax(p, n).

Now let us consider the interval [p, 7] of the form E"*1. Tt can be represented as an interval composed
of the initial interval [p,t#] of the form E!" finitely many intervals of the form £+ following each
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other up to a certain instant t¢ (its total interval is [p,¢?]), and the remaining interval [t©, 7] of the form
EPH1] - Therefore,

Vargiu (V) [p,1]) < Vargu (V®, [p, t#]) + k1. 19 — p)
+x(p, t9) + Var ginsn (V) [£€, 7))
< kfl . (1% — p) + e(h, k)shl?l + kP (10 — p) 4 kflh] . () — 0
+C£+1(1 + e(h, k:))sh[thH + Ax(p,m)
< kf" - (= p) + [e(h, k) + O (1 + e(h, k))Jsh" 1 4 Ax(p, ).

As a result,

Var (V@ [p,n]) <kEPH (= p) + e(h + 1, k)sh" 1 4 Ax(p, 7).

glh+1]

The lemma is proved. O

8.4. Increment of the function V® on the whole interval of the game. Recall that h’ is the
maximum number of h-loops along the motion y™)(-) on the whole interval [to,?]. Since [tg,d] is an

interval of the form E[hb}, we can write the following estimate for Var e (V3| [to,9]):
E

Var , (V®, [to, 9]) < k1. (9 — to) + e(B”, k)sh™] + \x (to, 9).

elh’]
We have st!’] < 19 — 1. Therefore,
shi") < st™'] . kf < kf - (9 — 01).
Hence
Varg s (V@ [to, 9]) < e(h”, k)kEl - (9 — to) + e(h’, k)kE - (9 — 1) + Ax(to, V)
< 2e(h, K)KEOL . (9 — 91) + Ax(to, D).
Weakening e(h’, k) through e(k, k), we finally obtain
Varg s (V) [to,9]) < 2e(k, k)kE - (9 — 91) + Ax(to, V).
Replacing VarE[hb] (V@ [to,9]) by V@, yM(@0) — V@ (tg,z0) and taking into account that
Y& (YW (@) = V(9,41 (9)), we have
Y2 (M (9)) < VO (tg, o) + 2e(k, k)KE - (9 — 91) + Ax(to, 9).
Since kfl” is the maximum of the quantities
kf = 3ALué = 3A((1/2) + 8a)ué, kEH = axnug,
it follows that kfl% can be estimated from above by 3A\((3/2) + 80 )ué. Therefore,

YB () < VO (to, 20) + 3e(k, k)AB + 160) 1€ - (0 = 91) + Ax(to, 9)- (8.4)
Taking into account the distinction between the cost functions v and v, by (8.4) we obtain
YO (@) < VO(to, 20) + 3e(k, K)AB + 160) € - (0 = 01) + Ax(to, ) + 7Y = 1P (85)
where

e(k k) =CF+ (CF+D)CFt + (CF Tt + D). [Ch+ (CL+1)]...]).
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8.5. Final estimate. In deducing estimate (8.5), we assume that the value of ¢ is fixed. According to
¢, we find ¢; and A;. The quantity c¢; determines the sets II° (i, t), i = 1,k, t € [to,?], using which the
multivalued function U is defined. Its single-valued selection U is used as a strategy of the first player.
The strategy U applies in the discrete control scheme with the step A < A;y. For chosen U and A, the
motion y(!(-) corresponds to a certain initial position (g, ) € Y and a certain control v(-) of the second
player.

By the choice of the number &, we can make the second summand of the right-hand side of (8.5)
arbitrarily small.

The following assertion holds.

Lemma 8.3. Let a number € > 0 be given. Choose {(¢) € (0,0/(1 4+ 160)] such that the following
imequality holds:
3e(k,k)A(3 4+ 160)u&(e) (¥ — 1) < e.

Further, according to the chosen &(g), define the number c(e) = c1(£(e)) and the constraint A(e) =
A1(&(e)) on the step of the discrete control scheme according to the rule of Sec 6. Let the first player
apply an arbitrary strategy U with the step A < A(e), and let this strategy be a single-valued selection of
the multivalued function U constructed by using the sets 1) (i,t), i = 1,k, t € T. Then to any initial
position (to, o) € Y, the first player guarantees the result

T (tg, z0, U, A) < VO(tg, 20) + € + Ax(to, 9) + |7V =~ .

In Lemma 8.3, we consider the strategies defined by using c-neighborhoods of the switching surfaces
I1(4,t). To formulate the result connected with geometric r-neighborhoods, we define the number

r(e) :=c(e)/A.
Then ") (4, ) € TI1°C) (i, t) for i = 1, k, t € T. Hence, for any strategy U embedded in U and for any
(to, o) € Y, A < A(e), the following inequality holds:
F(l)(tOv zo, Uv A) < V(Z)(tﬂv :Co) +e+ )‘X(tO’ 19) + ”’7(1) - 7(2)HM7

which means the assertion of Theorem 1.

Remark. In the formulation of Lemma 8.3, we speak about the choice of ¢(¢) and A(e) by using the rule
of Sec. 6. Such a choice uses the continuous variations of the sets I1°(i, t), i = 1, k, and is not constructive.
For an effective determination of ¢(e) and A(e), we additionally need the characteristics of the velocity of
variations in ¢ of such sets.

9. Proof of Theorem 1 for =0
9.1. Analogs of inequalities (5.2) and (5.4). In the case § = 0, the functions ¢ — BZ-(B) (), €I,

are constant; denote the corresponding constants by bgg). For any set F' C I, the vectors bl(-?’) are either
linearly dependent or linearly independent.

Choose the parameter é such that for any set F', the linear independence of the vectors bgg), 1€ F,
means the linear independence with the exponent f = é‘l(F ) /2.

Let F' C I be a certain set with linearly independent vectors bgg), 1e F.If (< é and the vector b§-3),
j € I\ F, is (-close to the set bg?’), i € F, then 175'3) € Q({bz@)}iep). Therefore, the set H(F,(,t) is the
same for all (< Cand all t € T

For an arbitrary number ¢ < & and a set H C H(F,¢,t), ¢ = 1) /2, we write inequality (5.1) for
B = 0. Let us pass to the limit as & — 0. Instead of inequality (5.1), we obtain the inequality

V(F b+ 0,40 (8 +6) S VO (t, ) + 20w > oigti + Ax(Ee 1 + 6).
i¢ FUH
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Using the relation
2w Z oitti < 2 opw,
i¢FUH
we arrive at the inequality

V(F, t, + 6,y (t, 4+ 0)) < VO (L, 2,) + 200w + Ax(Le, ts + 6), (9.1)

which replaces inequality (5.2) for 5 = 0.
An analog of inequality (5.4) is the inequality

VO (1) < VO (¢, 2,) + 220 pw + Ax(ts, 1), t € [t t7]. (9.2)

9.2. Choice of quantities ¢, and st!.

vectors b3, i € I.

Define an arbitrary c- > 0. We set st := 9 — 9.

Let the quantities ¢, > 0 and st/ be introduced for a certain h € 2, h*. We define the quantities c;_1
and stlh—11,

Fix a set F}, C I of h elements such that the vectors bgg), 1 € Fy, are linearly independent. Distinguish
an arbitrary subset F}_1 of h —1 elements and the remaining subset F} of a single element. Using Lemma
3.3, we choose ¢4 € (0, ¢p] such that uniformly in ¢t € T the sets I1%(F},_1,t) and I1%(F7,t) outside the set
int I10 (Fy,, t) are distant from each other by a finite distance in the limits of a bounded set X, C R™, which
is an upper estimate of the set of states at which there can be the motions of system (1.1) emanating
from the set ). The quantity c; depends on the choice of F}, and Fj,_; and on the value of ¢, i.e.,
cs = cs(Fy, Fp—1, cp). )

Let b(Fp, Fh—1,ch,cs) be a uniform in ¢ € T lower estimate of the transition time of system (1.1) from
the set I1%(F}_1,t) N Xs to the set 11%(Fy,t), t € (¢,9] in the case where, at the initial instant ¢, the
system is on (I1%(Fp_1,t) N Ax) \ int II° (F}, ). Such an estimate can be obtained by using the continuity
property of the variation in ¢ of the set 1% (F},t), which follows from Lemma 3.2.

Now we look over all sets F}, of h elements such that the vectors bz(g), i € Fy, are linearly independent.
For each such set, we consider all variants of partition of the set F}, into a set Fj,_1 of h — 1 elements and
a singleton Fy. Let

ch—1:= min cy(Fp, Fn_1,cp), st .=  min st[h],b Fy, Fy_1,¢ch,c4)}.
' (Fn Fr-1) a 15 ¢n) (Fthhfl){ ( 1 cs )}

We denote by h* the maximum number of linearly independent

Note that for g = 0, sequentially introducing the quantities ¢, we do not define the quantities Ay in
parallel, as was done in the case § > 0 in Sec. 6.

9.3. Formation of loops along the motion. Consider the motion y()(-) of system (1.1) from the
position(tg, zg) € Y, to < 9, according to a certain strategy U € U of the first player with step A > 0
and a certain open-loop control v(-) of the second player.

By the symbol $ we denote the set of integers h € 1, h*, for each of which there exist a set F' C I of
q(F) = h elements and an instant ¢ € [t, 9] such that 41 (¢) € TI°(F,t) and the set of vectors bg?’), ieF,
is linearly independent.

If $ = @, then we assume that the whole interval [to, ] is a free interval of level 1.

Assume that $ # @. Let A be the maximum among the numbers ).

Along the motion y(M)(-), we distinguish the loops related to the entrance to the sets II° (F,t), where
q(F) = h, h =1,h". Also, we define free intervals.

Let T be the set of instants ¢ € [tg, ] such that (M (t) € I (F,t) for a certain set F with ¢(F) = h,
and, moreover, let the vectors bz@, i € F, be linearly independent. The above F' is not necessarily unique.
Denote the collection of sets F' corresponding to the instant ¢ by {F[Pl(¢)}.

Taking into account the definition of the number h*, we obtain that {F"’1(¢)} is the same for any
t e g,

6943



1. If B* = h*, then we set
t[lh*} = min{t: t € T} iV = max{t . t € T},

The interval [t} [h7] ,1""]] is called a loop of level h*. The intervals [to,t[lh*}] and [f""] 9] are called free
intervals of level h*

If h* < h*, then we assume that [to, 9] is a free interval of level h* + 1.

2. Assume that the loops and the free intervals corresponding to a certain level h € m for B> = h*
and to a level h € 2,h> + 1 for h> < h* are defined. Let @[h] [th},Hgfi] be the notation of the free
interval with the number j in the through enumeration on [to, ).

Consider the free interval @E-h}. Let

J[’hl 1] —mm{t t € ghh— 1]ﬂ@[h]}

Al min{t:teg[h—ﬂm[fﬁ Uy gglh— 1}7195.’1]}, i=1,2,....

The obtained set of instants T][zfil] is denoted by {T][hﬂ]}.

With each instant T][hlfiu, we associate loops of level h — 1. Choose an arbitrary F € {Fh=1 (tg.hifl])}.
We set

Jh=1 (]

g =T
tghl_:] ‘= max {t cyW (@) e Ir1(Fot), t e [TJ[Z_I],T][-Z_I] + st n @g-h}}.
Proposition 9.1. On the interval (tgthrl],T][Z U + st[h*”] N @Eh], there are no instants from T4,

Proof. Assume the contrary. Let £ be an instant from the interval considered belonging to T/"~1. By the
symbol F' we denote an arbitrary set in {F"~1(#)}. The vectors bgg), i € F', are linearly independent.
(3)

First assume that among the vectors b§3), 1€ F\, there is at least one vector bi not belonging to the

linear span of the vectors b§3)7 1 € F'. Then the vectors bgg), ie F=FU {%}, are linearly independent.

Taking into account the inclusion [Tj[}z 1], Gj[}ﬂ} C @[ ], we obtain

<1>( 1y ¢ inp 10 (F, ).

Moreover,

yO Y e 1R,

Hence, by Lemmas 3.2 and 3.3, taking into account the choice of the numbers ¢,_; and st!*—1]
that the motion y™)(¢) on | ][}z 1],73[3 Uy gl N @Eh] cannot attain II-1(3,t), and, therefore, the same
also on II%-1(F ).

Now let any vector bl(-?’), ieF , belong to the linear span of the vectors bgg), 1 € F. Since each of these
two sets consists of & — 1 linearly independent vectors, it follows that II®-1(F,t) = II-1(F,t). Hence,

yM(f) € 1 (F, ), which contradicts the definition of the instant tghl +1]. O
It follows from Proposition 9.1 that with each instant TJ[Z_I]
but not a series of loops as in Sec. 7 for G > 0.
The instant t[h U — 7h=114g called the instant of origin of the loop with the number ¢ of level h — 1 on

Iyt
the free interval @g. ], and the instant tgz ¥ s called the instant of the end of this loop.

Passing through all free intervals of level h, we enumerate (in through numbering) the loops of level
h — 1. Let {t""1} be the instants of origin of the loops of level h — 1.

, We see

, we associate a unique loop of level h — 1

6944



9.4. Increment of the function V(2. To estimate the increment of the function V(2 along the motion
yM(t), we represent the interval [to, 9] as an interval composed of intervals of loops of levels h = 1, h> and
free intervals of level 1.

Let [t«,t*] be the interval of a certain loop of level h. Then, taking into account (9.1), we estimate the
increment Var(V®)| [t.,t*]) of the function V?) as follows:

Var(V®, [t,,t%]) < 2X0uA + ¢, 4+ Ax(t, 7).

If [ts,t*] is a free interval of level 1, then by (9.2) we have
Var(V®, [t,,t*]) < 220 uA + Ax(ts, t).

Denote
shl .= 2 opuA;  sh .= 2 opuA + ¢, h=1,h. (9.3)

Therefore, to estimate the increment of the function V(® on the interval of a loop of level h we will use
the inequality

Var(V® | [t,, t]) < shi") 4 Ax(t., t), (9.4)
and on the free interval of level 1 we will use the inequality
Var(V®| [t,, t*]) < shP* + Ax(t,, t%). (9.5)

For each h = 1, h’, by the symbol al"l we denote the number of loops of level h and by the symbol mlh
the number of free intervals of level h on [tg,¥]. Let us agree that ml+1 =1,
Taking into account (9.4) and (9.5), we estimate the increment of the function V(2 on [tg, ] by the
inequality
hb
Var(V®, [to, 9]) <Y~ allsh™ + mlUshl 4+ Ax(t,9). (9.6)
h=1
1. Let us estimate from above the possible number of loops and free intervals.
If h> = h*, then

"l =1, m"l <2 (9.7)
In the case h’ < h*, the following estimates hold:
al”l < [(9 = to) /st + 1, m"T <ol 1. (9.8)

Here, the double square brackets stand for the integral part.
For h € 1,(h” — 1), we have

A. Let us show that for any h € 1, h°, the following inequality holds:

h’—h+1
mltl < 3™ 2 D[(9 — ) stlhrU] 4 o hD), (9.10)
p=1

If h = h°, then the above inequality holds. Assume that for &+ 1, where h € 1, (h? — 1), inequality (9.10)
is proved, i.e.,

h’—h
L Z 2=V (9 — to) /st + o(h*—=h).
p=1

Then using (9.7)—(9.9), we obtain
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h’—h
< [0 —to) /st + ) 2P[(9 — to) /st ] + 9(h*=h+1)

p=1
hY—h+1
= > 2PV —tg) /st U] + o(h*—h+1)
p=1

Therefore, (9.10) is proved.
Taking into account that st < stlht1] << st[hb], we deduce from inequality (9.10) that

h? —h+41
. ( 2 2(“)) [(9 — to) /st + 2" =+D) = QU =11 _1)[(9 — £) fstM)] 4 20" =h+1) - (9.11)
p=1

In particular, for h = 1, we have

mh < 2(hb) —D)[(9 — to)/stM] + o’ 9.12
B. Using (9.7)—(9.9), we write the inequality

R? R? R
S al < 30— to)/st?] 4 3 (9.13)
h=1 h=1 h=1
Using (9.11), we obtain
% R’ R’ h’
STl =Nl 1 < ST D9 t) /st + ST 20" g
h=1 h=2 h=2 h=2
hb
Substituting the estimate for 3 m!**1 in (9.13), we obtain the inequalities
h=1
R RP RP
Z a[h} < [[(19 - to)/st[l]]] + Z 2(hb7h+1)[[(19 o to)/st[h]]] + Z 2(hb7h+1) +1
h=1 h=2 h=2

% h’
< [0 — to)/stl] + (Z 2(’”’”1)) [(9 — to) /st + 3" 2 =h+D) 4,

h=2 h=2
Since

hb
> (W =ht1) _ oh” _ 9
h=2

and stl!l < st it follows that
hb

S alth < [(9 — to) /st!] + 27 [(9 — to) /stHI] — 2[(9 — t) /st ] + 27" — 1
h=1

= (2" — D[ — to)/stI] + 2" — 1.
Therefore,
hb
S alt < @7 —1)[(9 — to)/stWV] + 27 1. (9.14)
h=1

2. For brevity, denote
2= (2 — 1[0 — to)/st] + 27
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Then by (9.3), (9.6), (9.12), and (9.14), we obtain
Var(V®, [to,9]) < (2 — l)sh[m + sshP + Ay (to,9) = (257 — 1)2 opA + (5 — ey + Ax(to, 0).

The number A is related to the motion y(l)(~). To exclude such a dependence, we estimate h” through
h* and estimate c;, through cp,~. We have

Var(V ), [to, 0]) < (25¢* — 1)2X0puA + (35 — Depe + Ax(to, 9), (9.15)

where
o= (20 — D[ — to)/st!] + 2.
Using (9.15), we obtain the inequality

YWy (@) < VO (to,20) + (25" = 1)2AouA + (5" = Dee + Ax(to, 0) + 7V =P . (9.16)

The quantity stl!! on which »* depends is determined by ¢1,ca, ..., ¢y« and does not increase when
they decrease. Therefore, the second and third summands on the right-hand side tend to zero as A — 0,
cp+ — 0. On the whole, estimate (9.16) is not constructive, since, in a nonconstructive way, by using cpx,
the sequence cp+_1,..., o, c1 is defined.

Estimate (9.16) implies the assertion of Theorem 1 with 5 = 0.

10. Case of the Scalar Control of the First Player
Theorem 1 holds for the general case k > 1. In the scalar case k = 1, the result can be strengthened.

10.1. Constructions arising in the scalar case. For ¢(F') = k, i.e., when F' = I, the formulation
of the main Lemma 2.1 becomes substantially simplified. The set H becomes empty, assumption (2.2)
becomes extra, and this is the case for the assumption on regular controls for subscripts i € I \ (F'U H).
In estimate (2.3), the third and fourth summands on the right-hand side disappear. The formulation of
the lemma takes the following form.

Proposition 10.1. Assume that F = I and (t.,x,) € Z,6 > 0,t, +6 < 9. Let y1(.) be the motion of
system (1.1) according to admissible open-loop controls u(-) and v(-) emanating from the point x. at the
instant t.. Then the following estimate holds:

k
V(F,t + 0,y (b, +6)) < VO (b, 2.) + X0% Y Bigsi + Ax(t, b + ).
=1

Now rewrite Proposition 2.1 for the case F' = @ and H = &.

Proposition 10.2. Let (t.,z.) € Z,t* € (t.,9]. Let 0 < w < t* — t,, and along the motion y1*)(-),
emanating from the point x. at the instant t., for any ¢ € I, let either y(l*)(t) € 114 (i,t) on the interval
[t. + w,t*], and, moreover, let u;(t) = p;, or let y(*)(t) € TI_(i,t), and, moreover, let u;(t) = —p;. Then
the following estimate holds for any t € [t.,t*]:

k
VO y (1) S VOt 2.) + 20w > aipti + Ax (e ).
i=1
We will use Propositions 10.1 and 10.2 in the case of scalar control of the first player, i.e., for k = 1.
Therefore, we assume that the control action of the first player is subjected to the constraint |u| < p and
the matrices B (t) and B®)(t) are columns of dimension n. For each t, we deal with a single switching
surface; omitting the symbol F'; we will denote it by II(¢). Analogously, we will omit the symbol F' in
the notation of an r-neighborhood of the surface II(¢) and also in that of parts of the space R™ that are
determined by these sets.
In the scalar case, Condition 2 holds automatically. There is no necessity to consider c-neighborhoods
of switching surfaces, and Lemma 3.3 becomes extra. Also, we may not introduce the smallness parameter
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&. There arises a possibility of obtaining an explicit estimate for the result, which is guaranteed to the
first player by the strategy based on the switching surfaces II(¢) being applied with an arbitrary step
A > 0 of the discrete control scheme.

10.2. Proof of Theorem 2. Fix a number r > 0. Consider the motion () of system (1.1) from
the position (tg,z9) € Y, to < ¥, according to a certain strategy U € U” of the first player with a step A
of the discrete control scheme and certain v(-) € K.

1. Let 8 > 0. We set
20 uA
st = | 2ZHEHT (10.1)
B

A. Along the motion y(M(.), we distinguish loops related to the entrance to the sets II"(t). Also, we
define free intervals.
We set
t1:=min {t: yV(t) € TI"(2), t € [to, ]}
The instant t; is called the instant of origin of the first loop. Further, we distinguish the instant ¢4 of
the end of the first loop:

tiy = max {t : y(t) € TI"(t), t € [tr,t1 + st] N [to, 9]}

In particular, the instant ¢;4 can coincide with ¢;.
As the instant ¢9 of the origin of the first loop, we take the instant

tg :=min {t : y D (@) eI (1), t € [ty + st, ]}
Then we distinguish the instant to; of the end of the second loop:
tos :=max {t : y((t) € II"(¢), t € [ta, t2 + st] N [to, V]}.

Continuing this process, we obtain the set of loops on [tg, 9.

From [to, Y], we remove the interiors of intervals of the constructed loops. We obtain an ordered set of
closed intervals. Each of them is called a free interval. A free interval can degenerate, i.e., it can be a
singleton.

If there are no loops on [tg, ], then we assume that [t, ] is a free interval.

B. Let [p, 7] be a certain free interval. We show that the increment of the function V() on it is described
by the inequality

Var,, (V@ [p,n]) < 2 ou + Ax(p, 7). (10.2)

Here, the subscript D stresses the property that the variation of the function V2 is calculated on the
free interval.

Along the motion y™)(-), a certain control u(-) is realized. The value of u(t) is said to be “regular” if
u(t) = p (u(t) = —p) for yM(t) € (1) (yD (1) € (1))

On the interior of a free interval, the point y1)(t) is outside the set II"(¢) and, therefore, does not attain
the set II(t). Therefore, for A < n — p, the control u(t) is regular on [p+ A,7) and can be arbitrary only
on [p,p+ A). Estimate (10.2) directly follows from Proposition 10.2 for w = A, t, = p, and t* = 7.

If A > n— p, then we apply Proposition 10.2 for w = n — p, t. = p, and t* = 1. Once again, we obtain
estimate (10.2).

C. We say that [p,n] is an interval of the form F if it is composed of a certain loop [t;,t;+] and a free
interval adjacent to it to the right. An interval [p,n] of the form E satisfying the additional condition
p + st < nis called an interval of the form &.

Let us estimate the increment of the function V() along the motion M (-) on the interval of the form E.

Consider the interval of the loop [t;,t;+]. Applying Proposition 10.1 for § = ¢, — t;, we have

Vit yM (tir)) < VO b,y () + ABultiy — t)* + Ax(ti, tir)-
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Since t;+ —t; < st, it follows that
V(tir,yM (b)) < VO (b, M (1) + ABust - (tiy — ti) + Ax(ti tiy).

Taking into account the inequality

VO (tig,y W (tir)) < V(tir, g (tir)) + A,

we arrive at the relation

Var(V® [t;,ti]) < ABust - (tig — t5) + Ar 4+ Ax(Ei, tir ) (10.3)
On the free interval [t;1,n], by (10.2) we have
Varp(V®, [tiy, n]) < 2 ouA + Ax(tis,n). (10.4)
Combining (10.3) and (10.4) and taking into account the inequality ¢;+ — t; < 1 — p, we obtain
Varp(V®, [p,n]) < ABust - (n = p) + 2XopA + X + Ax(p, 7). (10.5)

The subscript E stresses the property that the calculation of the increment of the function V() is per-
formed on the interval of the form F.

We now pass to the estimation of the increment of the function V() along the motion y(l)(-) on an
interval of the form £. Since n — p > st in this case, (10.1) implies the inequality

2AouA + Ar < ABust - (n — p).
Taking into account (10.5), we obtain

Varg (V) [p,n]) < 2\Bust - (1 — p) + Ax(p, ). (10.6)

D. Consider the interval [tg,9J]. Represent it as an interval composed of the first free interval [to, t7],
finitely many intervals of the form & following each other from the instant t# up to a certain instant ¢
(their total interval is [t#,¢%]), and the remaining interval [t®,9] of the form E. Sequentially applying
estimates (10.2), (10.6), and (10.5), we have

Var(V®, [to, 9]) = Varp (VP [to, t7]) + Var(VP®, [t7,19])
+Varg(VP | [t°,9]) < 2AouA + 2XBust - (t© — t7) + ABust - (9 — t9) 4 2XouA + Ar + Ax(to, ¥)
< 2X\Bust - (¥ — tg) + ANopuA + Ar + Ax(to, 9).
Substituting st, by formula (10 1) we obtain
Var(V 3, [t 9]) < 20/ 2opd + r)Bu(d — to) + 4Aaud + Ar + Ax(to, 9). (10.7)
2. Let B8 =0. We set
t1:=min {t:yW(t) € " (1), t € [to,9]}, :=max{t:yV(t) €"(t), t € [to,V]}.

We have

W) ¢ (), te€fto,t1) V().
For the intervals [to,t1] and [£, 9], using Proposition 10.2 (as in deducing inequality (10.2)), we obtain

Var(V® [to, t1]) < 2AouA + Ax(to, t1), (10.8)
Var(V® [£,9]) < 20ouA + Ax(£,9). (10.9)
For the interval [¢i, ﬂ, using Proposition 10.1, for § = 0 we have
Yty (D) < VO (11, D () + Mx(tr, 1),
and, therefore, taking into account the inequality

VE(Ey (@) <Vt yW (D) +
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we arrive at the estimate

Var(V® [t1,4]) < M+ Ax(t1,1). (10.10)
Combining (10.8)—(10.10), we obtain
Var(V® [to, 9]) < 4houd + Ar + Ax(to, V). (10.11)

3. Using (10.7) in the case § > 0 and (10.11) in the case § = 0, we obtain the estimate
V@, yM @) < VO (tg, z0) + 220/ Lo pA + 1) Bu(9 — to) + AATpu + Ar + Ax(to, D). (10.12)

Since
YN @) = v W,y @), YV M) <P N @) + [+ = 1P m
and the right-hand side of (10.12) is independent of the chosen v(-) € K1), it follows that

F(l) (t07 Zo, Ua A) < V(Q) (t07 :UO) +2) V (2UMA + "”)5#(19 - tO)
HATUA + A7 + Ax(to, D) + 7Y = 7P|,
which completes the proof of Theorem 2. O

11. Tests of Numerical Construction of Switching Surfaces in Differential Games

In this paper, we do not discuss algorithms for numerically constructing switching surfaces. We restrict
ourselves to a brief description of publications in which the results of computer modeling with the use of
switching surfaces are presented.

The simplest case is the case n = 2, i.e., when the values of the cost function at the instant of termination
of the game are determined by certain two coordinates of the state vector.

For this case, at the Institute of Mathematics and Mechanics of the Ural Department of the Russian
Academy of Sciences, in the early 1980s, effective algorithms (see [1, 3, 11, 16, 18, 21, 35]) for constructing
t-sections of the level sets of the value function were elaborated. The constructions are performed in the
framework of the approximating game (1.4) on a given grid {¢;} of instants of time and on a certain grid

{cp} of values of the value function. Each section Wc(z ) (tj) is a convex polygon on the plane. The passage

from the constructed section Wc(f ) (tj) to the section Wc(j ) (tj—1), tj—1 < t;j, is performed by using a special
backward procedure that uses the convexification operation of a positively homogeneous piecewise-linear
function in the space R? or the operation of intersection of broken lines on the plane, which is equivalent
to it.

An easy processing (see [3, 4, 9, 10, 18]) of polygons Wc(pQ) (t;), ¢ € {cp}, for each component u;, i = 1, k,
of the control action u of the first player yields the switching lines corresponding to the instant ¢;. The
switching lines calculated on the grid {¢;} determine the control method with respect to the component
u;. The sets of switching lines are stored in the memory and are used in the discrete control scheme.

In [3-7, 12-15, 17-19, 25, 26, 38], the problem on the landing of an aircraft in wind shear is consid-
ered. The process of landing up to the flight overshooting the end of the runway is studied. Under the
linearization of nonlinear dynamical equations with respect to the nominal motion along the rectilinear
trajectory of descent, we obtain a linear system breaking up into two subsystems; one of them contains
state variables and control actions that influence the vertical deviation from the nominal (subsystem of
longitudinal channel), and the other contains those that influence the lateral deviation (subsystem of
lateral channel). Respectively, two auxiliary differential games with a fixed instant of termination are
considered. In the first of them, the cost function depends on the vertical deviation at the instant of
termination and on the speed of its variation. The control actions are the deviation of the elevator and
the variation of the traction force. In the second game, the cost is determined by the lateral deviation
and its speed. The control action are the deviations of ailerons and direction rudder.

For each of the auxiliary linear differential games and for a given grid of instants of time, the switching
lines defining the control action of the first player close to optimal (in the framework of a linear model)
are calculated. The testing was performed within the framework of the initial nonlinear system. Different
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variants of wind disturbance are applied: the formation of the disturbance by the feedback principle on the
basis of solution of auxiliary linear differential games [6, 12, 14, 15], models of wind microbursts [22, 33,
51], and the formation of the disturbance by using a random number generator. The results of modeling
of the landing process are compared with those given by the traditional control methods.

The control method using sets of switching lines was also tested by examining model landing and
launching problems, which were proposed by Miele and his collaborators in [32-34]. The results of the
study are contained in [15, 23, 43-45]. For the launching problem, a comparison with the results of
G. Leitmann and his collaborators presented in [20, 31], in which the control is constructed by using
appropriate Lyapunov functions, was carried out.

In [8], the problem of the take-off run of an aircraft along a runway under a wind perturbation is
considered. The control method studied is based on the construction of switching lines.

In [39, 40], the problem of transportation of a load with movable suspension point is considered in the
game-theoretic statement. The switching lines defining the optimal control method are constructed.

A software package for constructing switching surfaces in the case n = 3 is described in [48].
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